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概要
先ず[1]でを士複素領域における斉次合成積方程式の 正則 関数解 の 解析接続 問題 を､ 方程式
の 特性集合 を定数係数線型偏微分方程式の 場合の 自然な 一 般化 となるよ うに導入 した 上 で ､
解が 一 斉に解析接続される領域を特性集合 によ っ て記述す る こと が できた . これにより特 に ､
線型の 関数微分方程式の 重要な例 で ある無 限階の微分 ･ 差分方程式に対す る正則解の 解析接
続問題は ､ ある意 味で ほ ぼ完全 に解けた こ とになる ｡ そ して[2】で は無限階微分 ･ 差分方程
式の 特性集合に対す る評価を行 い ､ 更に特性方向を任意 に与えた時それに対応する畳込み 作
用素の 構成 を行 っ た ｡ 更に ､【3〕で は管状領域の 場合 に､ 自然な条件の 下 で ､ 特性集合の 定義
が通常の偏微分方程式 の場合の ように シ ン ボ ル の 零点 の無限遠 で の 集積方 向と 一 致する こ と
を証明 した ｡ 〔4]で は 2重特性的 な擬微分方程式に対 し､ Le vi条件 ､ 正則包合性お よ び マ イ
クtl双曲性 の仮定 の 下 で ､ 七empered マ イ ク ロ 関数お よび 可微分 マ イ ク ロ 関数 の 空間にお け
る可解性 を証明 し ､ 更に斉次方程式 の 解の 超局所特異性が 対応す る シ ン ボル の H mil七o nia n
Ao wで記述 され る こ と を証明 した o 次に[5】にお い て は ､ Ba n a9h 空 間にお ける ､ 無限遅れ
を持 つ 線型関数微分方程式 に対 し､ 定数変化法の 公式を相空間 にお い て 構成する こ とに成功
した o [6]で は Ⅴ･I･A rn o1'd によ る分類 に従 い , Unim od al例外型孤 立特異点(E1 2, E13, El°,･
Zll, Z12, Z13, W12, W13, QIO, Qll, Q1 2, Sll, S12, U12)に付随す る代数的局 所 コ ホ モ ロ ジ ー
類の a n nililato rを計算 した ｡ そ の 結果, こ れ らの場合, 代数 的局所 コ ホ モ ロ ジ ー 類を特徴付
けるには 2階の微分作用索が必要と なる こ とが 明らか にな っ た ･ 【7]で は Ris aCo n s o rtitl m 第
6回研究集会(1998年)にお ける D功ロ群の 理論に基 づ い た 留数値計算の ア ル ゴ リズム を中国
剰余定理 と組合わせ る事 に より局所化 でき る こ と を示 し ､ さらに留数値 をより効率的に求め
る ア ル ゴリ ズ ム を与え たo [8]で は Ⅰ型 の Painlev6方程式に対 し､ 接続 問題 を考察 し接続公
式を導き ､ そ の 方法の 応用と して
-ⅠⅠ 型 の P ainlev6 方程式 に対する Ablo witz -Segu r の 接続
問題 を論 じた ｡
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INTRO D tJ C TI ON
In this pape r, w e study a cla s sof mic rodiifer e n七ial equ atio n swi
th do uble
in v olutive cha r a cte risticsin the spa ce s of micro
-distri butio n s･ W e tr e atthe
ope rato rs ofthe fo - P - PIPS ＋lo we r o rde r wi
th simple cha r a cte ristic
ope r ato r sp,
･
,
s a七'a do uble cha r a cteristic point4∈ Cha r(Pl)n C ha r(P2),
No七etha七the str u ctu r e ofthe mic r odiqe r e ntialequ atio nge ne r ated by P is
c o mpletely studied o utside ofC ha r(Pl)n Cha r(P2)
'
by M ･ Sato
.
et all [1 3]･
unde r a^ ditio nala s s u mptio ns of Le vi co nditio n)the regula rln V Ohtiv e n es
s
7
a ndthe mic ro-bype rbolicity, w eget
(.
I)thisolv ability ofthe equ atio n
Pu - ”,
Si
in the spa c e sof te mper ed mic rofun ctio n s a nd difFe r e n七iable mic r ofun c
-
tio n s,(s e eT he o re m l･3),
(ⅠⅠ)the r elatio nbetw e en七he 血 c r o-di鮎r e ntiable singula ritie s ofs olutio n s of
Pu - 0,
andthe Ha mil七o nian 丑o w s ofcr(Pl)a nd q(P2),(s e eT heo r e ml･6)･
Fo rthe s olv abilityin the space of distributio n s, M e ndoz a
- Uhlm a n n[9, 10]
ga v e ane c e ss a ry c o nditio n and a s ufRcie nt c o nditio n which a re w e ake rth an
Le vi c o nditio n.
Asfa r a s anlytic microlo calsingula ritie s ofs olutio n s a re c o n c e r n ed? N･ To s e
【14,15】g㌍ethe 2
- mic rolo c al c ano nical fo r m a nd sho w ed the pr opagatio n of
a n alytic slngula ri七ie s of mic r ofu血ctio n s olutio n s under w e aJke r a ss u mptio n s･
He llS ed the m ethod of s e c o nd mic r olo caliz a七io n. W ithin the fr a m ew o rk of
the Ccb c atego ry, G. tJhlm?n n[16]c o n stru cted a pa r aふetrix and showed the
pr opagatio n ofdife r e ntiable singula ritie s, Se e als o O･ Lie ss[7]fo rthe c o nic al
refra ctio n a ndhighe r microlo c ali2;■a七io n･
J. M . Bo ny[2]intr odu c ed the m ethod of
r
simple she et,ope rato rs(s ee§4),
which m?deitpo s sibleto ap ply Bo ny
-Schapir年
'
s calc ulu s(refer to[3])to the
an alysis of equ atio n sfor 七e mpered distri butio n s a nd difFere ntiable distribu
-
tio n s. T his m ethod willbe als o u s ed es se ntiallyin the pr e s e ntpape r･
No w w egiv ethe pla n ofthis pape r･ In§1, w e wilstate o u rm ainthe o r e m s,
the s olvability a nd the e stim a,七es ofthe di庁er e n七iable slngulaJri七ie s ofs olu七io ns･
In§2-§4, w e will
r
pr epa re s e v e ral to olsdu eto Bo ny and Schapir a[3],[2]･ In
.§5,
w e wi1lshow the w ell-po s edn e ssof Go urs atpr oble min the co mplex do m ain s?
a ndfin ally in§6, w e willgivethe pr o of of o u r main the o re m s･
T he a utho r w o uld liketo e xpr e s shisgr atitudeto Prof･ N･ To s efor valu able
ad
'
vic e. Heis als ogr atefulto Prof･ ･T ･ Oshim aforguida n c e a nd e nc o u r age m e nt･
1. M AI ⅣT ⅡE O R E M S
Le七 M be a re ala nalytic m a nifoldwith a ･ c o mple xific atio n X a nd7TM bethe
pr oje ctio n TkX 十 M -ITkM ･ W e de note by BM (re sp･ CM), the she af of
sato's hype rfun ctio n s(re sp. mic rofu n ctio n s)defin ed o n M(r e sp･ Tax), a nd
by SpM ,the spe ctru m m ap
SpM : 7rdβM - C･
w eintr odu c ethe subshe a v e sCL a nd CkofCM by
c怠 - SPM(7rdDL4),
c畠･ - SPM(7rdc蒜),
of diぽer e ntiable
fu n ctio n s re spe ctiv ely. The s e she a v esDL4 a nd C蒜 a r e s ubshe ave sofβM , Se c-
tio n sofCk(r e sp. c孟[)a r e c alledte mpe red mic r ofu n ctio n s(re sp･ diffe re ntiable
whe reDk a nd q蒜a re the she af of distributio n s and 七ha七
3之
mic rofun ction s). C怠a ndCR4 a r e comically s oft･ The she afCLwa sfirst co n sid-
e r edbyMa rtin e a u[8], and Andr o nikof【1]ga v eanotherfunctorialc o n structio n
ofCk. se e a,1s oBo ny[2】.
we ･de n oteby fx,the she afof mic r odiffe r e ntialope ra七o rsdefin ed o n了
1*X ･
A s e ctio n P ∈ fx(U)ha sitsto七alsymbol∑,･≦m p,
･
･ He re pj
'
s areholo m o rphic
fu n ctio n sdefined o n U, ho m oge n e o u s of rde r3 With respe ct to the fibe r
v a riable s of r X, a nd satisfya suitable gr owth c?nditio n.
Let Vbe ar egula rin v olu.tiv e s ubm a nifoldin TkX - Tax＼TkM I T he n
fo r a ny u ∈ Cklv, we c an deRn e七he te mpe red se c opd. w a v efr o nt .8 e七･W鴨(u)
of u alo ng V , which is a clo s ed bic o nic subs et ofTvThX - TvTkX＼TvV ･
Refert｡ G. Lebe a u[6]forthe definition . W e als odefine s ubshe a v esA告√ a nd
A2v
d
of Cklv by
A彰J(u)- (u ∈ cふlv(U);W F紬)- @),
A彰d(u)･- (u ∈ cklv(U);W Fi(u) - @),
for any open s ubset U c V･
Fo r a mic r odiffere ntial ope rator a nd a r es.l a rin v olutiv e subm anifo1dof
r x,the n otio n ofLevi c o nditio nis d 戎n ed a sfollow s･
D efinitio n 1.1. Let Pbe a mic rodiBle re ntialope r ato rofo rde r”_dePn ed n e
a r
a r egula rin v oluiiv e s ubm a nifold V
C
⊂ r x ･ we de n oteby∑,･≦pp,
I theioial
sy mbol ofP a ndby m the v a nishing O rde r ofthe prin cipal symbol q(P) - pp
alo ngV
C
. w e saythat P s atisPesLevi c o nditio n alo ngV
C ifa nd o nlyifpp -i
v a nishes up to ?rde r m
- i fo rla nyj(0 <j< m)A
R e m ark 1.2. LetP) FL a nd m be a s abo v e･ The Le vi c o nditio nis equ w ale nt
to ike c o nditio n :
(L)P admits a n e xpre s sio n P - Qj
5fo
u
r a s uitable ellipti乍 OPeraio rQ of
o rde rIL - m a nd a s uitable ope r aior P ∈Eve ofo rde r m･
He reEve is the s ubrin9 0ffx 9e n e r aied by fx(0)a nd operator s of o rde r1
who s epr m cipal symbols v a nish o n V
C
)
which is introdu ced by Ka shiw a r a-
oshim a[4]. Thepre c eding e xpr essio n(L)sho w占the siabiliiy ofLe vic onditio n
u nde r(qu a ntiz ed)c o nta ct ir a n sfo r m atio n s･
Let4be apointin Tax . We c onside r amic rodiGe re ntialequ a七io n
(1.1) Pu -
'
v
at4, whe r ePis amic r odifFere ntialope r ato r satisfyingthe follo w lng C O nditio n s･
(A .1)The r e e xisttw o r egula rin v olutiv e s ubm a nifolds VI
C
a ndV,
a
of T*X, which
s atisfy
(A･1i)the cha r a cte ristic v a riety Cha r(P)⊂ T
*X c oin cide s with VI
C u v,
a
,
(A.1.2)codim cVI
C
- c odim cV2
C
- 1っ
(A .1.3)VIE a nd 呼 inte r se c七trans v e r s ally alo ng V
C
- VI
C n 呼, whichis a
r egula rinv olutiv e･s ubm a nifbldofc o mple x c odim e n sio n 2
■c o ntain lng
4,
5ろ
(A.1.4)Pis simple cha r a cteristic along Cha r(P)＼V
C
,i･ e .,the
bolp - c,(P)vanishe s exactly up to orde r1 alo ng
v2
C＼vC:,
prln Clpal
VI
C＼vC
Sym -
and
(A.1.5)Vl% nd呼 a r e r e al,i- e ., w e c a ntake defining fun ctionspl OfVI
C
and
p2 0f呼 which a r e r ealⅤalu ed o n Tax, and s atisfy dpl ≠ 0 a nd
dp2 ≠0.
(A .2)
-
p s atisfie sthe Le vi co nditio n alo ng V
C
･ T hat is,in七his c as e., the sy mbol
of(o rdP - 1)
'th o rde rpart ofP v a nishe s upto o rde rl alo ng V
C
･
Let u s s et
vl - VI
C
n Tax,
v2,- V,
a n Tax,
v - vc n TkX .
The n, fro m (A .1.2),(A .1･3)add(A･1｢5), w e find Vl, V2 a nd V a r eregula r
involu七ive s ubm a nifo1dsin Tax ofre al c odim ensio n1,l and2 r e spe ctiv ely･
Letqbe aboint
■
ofV. Wede n otebybqthebichafa cteristicleafofV thro ugh
q, and by喝(i - 1,2).the bicha r a cte ristic Cu rve ofV,
･ 七hr o ughq･ We als o s et,
fo r a s ubs et K ⊂ bか
k - iq ∈b4; botha:a ndb…inte r s e c七 with K)･
we r efe r,fo r七e r min ologie s abo v e,toSato - Ka wai- Ea shiw a r a[13],Ka shiw a ra -
Schapir a[5】a nd Ka shiw a r a- Oshim a .[4】･
O11r m ain re s nl七s a re:
T he . r e m1.3. LeiP be a s abo v e. The nike equ atio n(1.1)is s olv ablefo rC怠
a nd鴇･ . Thatis, ifv belo ngs to Ck,･i(r e sp･ C畠･,4), the re e xists a s olution u of
(1･1)belo n9in9tO Ck,4(r e sp･ Ck,卓)･
T he ore m l･4･ Let P be a s abov e
.
A T he n the equ atio n(1･1)is s olv ablefo r
Ay, A2Jd, ノ畔 a nd -呼(i - 1,2)･ That is, ifv belongs fo 堀 ,the r e e xists
a s olutio n u of(1.1)belo ngingio the s aゎe cla ssA義㌔･ He re * m e a n sI o rd
a nd# m e a n sV, Vl･ O rV2 ･
T he or?m l･5･ LetP be a s abo v e
･ Ifu ∈C怠
,4(re sp･ Ck,卓)is a s oluiiムn of
(1･2) Pu - 0,
the nthere e xist s olutio n s u,
. ∈ 一昭呑(re sp･ A
2
vl?,4)(i - 1,2)of(1･2)s aiisfyin9
u - ul ＋ u2 .
Theo re m 1.6. Lei Pbe a s abo v e. The re e xists a n eighborhood U ⊂ b4 0f4
withthefollo wing prope rty. As s um eihat甲is a c o ntin u ous mapfr o mthe u nit
squ a r eI x I(I - [0,1】)to U s atisfying
｡ p(I,i)is bicha ra cte risiic
L
c - e ofVlfo r a nyi,
｡ p(a,I)Iis bicha ra cte ristic c u rv e ofV2fo r a ny a,
3 年
a ndihat u ∈ C怠(甲(I x I))is a s oluLio n of(1･2)･ Then w eha ve
p(o.,o),p(1,0),p(0,1)声W F(u)= ⇒ p(1,1)卓WF(u)･
co rollary 1.7. Lei P be a s abov e･ The re.exists
a n eighbo rho od U ⊂b6 0f
4 s atisfyingthefollo wing Pr OPerty･ Lei Kbe a n arbitr a ry c o n n e cted e o mpa ci
s ubset ofU withI
^
( ⊂U. The n,fo r a ny soluiio n u∈ Cふ(l')of(1･2), w eha v e
w F(u)n K - ¢ ⇒ W F(u)∩丘 - 臥
Thro ugho u七tothe e ndofthis s e ction, w e a s s um ethat M - R
n
a nd X - Cn
with c o o rdin ate s
x - (xl,X2, - , Xn)∈ M ,
z - (zl,Z2, … , Zn) - X ＋JTy∈ X,
(a;, √胡 I dx)∈ Tax withi - (El,E2, - ,En)･
w e七ake, uslngthes ec o o rdin ates, Vj, V and4a s
v] 芦 ((x, √顎 ･ dx)E TkX;E,. - 0) (j去1,2),
V 士 Vl n V2 - (El - E2 - 0),
亘 - (0;v q dxn)∈ V･
Fo rI, J(Zu J - il,2, - , ”)), w ede c om po s e v ariables
x - (xI, XJ), I - (zI,ZJ),i - (Et,EJ)
a nd defin ea lin e a･r r egula rinv olutiv e s ubm anifo1d VIby
Vz - (Ez - 0)･
In thislin eよr ca s e, w e･giv e a r e m arkthat u(a)∈ Ck,4(re sp･ Ck,4)belo ngs
t｡
.
A
2d,4(re sp･ A
2
JI
d
,i)if a nd o nlyifthe r e e xists ateふpe r ed mic
rofun c七io n
菰(zI,X J)(re sp. a difFe r e ntiaUe mic r ofunctio n 滋(zI, XJ))which s atisfie s
o 滋ha sholo m o rphic pa ra m ete rs-zI,
｡ u - 叫lmzI = O at4･
T his cha r a cte riz atio nispr o v ed in Bo ny[2]in c a s eA
2
JI
j
･ In c a s eA
2
vl
d
,
w e c a n
pro v ethisby Lem m a 4･4･2 of[2]･ See also the pr o ofofThe o r e ml･7 of[11]･
Notethat A
2
JI
fdo e s n ot c oipcide with 俄 nC畠IvI･
Mo r e o v e rfortw o c one s71 ⊂
r
yュin R
n
) w e us ethe n otatio n
71 ⊂⊂ 72
if a nd O nlyifthe clo s u re of71 ∩(ほI- 1)is c ompa ct a ndin cludedin 七he
interio r of72.
Nov w e state a n othe rpa rt ofo -ユr r e Sults･
ぎ㌻
The o r em 1.8. In this situatio n, w e c a nGnd a c o nic al n eighbo rho od U ⊂
Tax of w々iihthejollo win9 Pr OPe rty･ As s u m ethaiK x v q ryis a s ubs et of
U with
K - (x ∈ R
n
;xl ∈ Kl,X2 ∈ K2, X3 - - Xn - 0),
7is a n clo sed c one ⊂ R
n
＼†0),
whe reKl a ndK2 a re Clo sed intervalsin A. The nfo r a ny n ei9hborrho od w ⊂ Rn
ofK, a ny clo s ed c on eヤ⊂⊂ 7, a nd a ny mic r ofu n ciio n ”∈ Ck(舟d(”)),(r e sp.
v ∈ck(舟諒(”)))with
s up pv ⊂ ” x J=:市,
w e c a npnd a s olutio n u∈C£(舟諒(K))(r esp. 滋
■
∈ Ck(描(K)))whichs atisPes
s up pu n舟諒(K)⊂ K x √耳7.
He r e舟M is ike projecti'oぬ TkX
l
- TkM .
The o r em 1.9. LetP a nd K be a s abo v e. W e put
l
L - ((x;v q d3;n);X ∈ K).
Ifu
.
∈ Ck(L)is a s olutio n ofPu - 0, the n.the r e e xist solutio n s ul ∈ A
2d(L)
a nd u, ∈ A
2
J2
f(L)which s atisfy
u - ul ＋ u2 .
M o re o v e rif4卓 W F(”),thepre c eding ui a ndu2 C a nbe cho s e n with ikepr ope rty
4 卓WF(u1)a nd々宮 W F(u2)I
2. FL A T D OM A INS
Inthis s e ctio n, w e r e calthe n otio n ofAat do m ainsdlletO Bo ny a nd Schapir a･
Refer to[3] and[2]･
Let Mbethe re al a n alytic m a nifoldR
n
with a c o mple xificatio n X - C
n
･
We choo s e c o ordin ate s 3;- (xl, - , X n) a nd I - (zl, - , Zn) of M a nd X
r e spe ctiv ely, a nd u s etle C O n V e ntio n s
x - (x
'
, x
′′
,
∬ n) - (a
/
,
x
′′′
),
z - (z
'
,
a
′′
, zn) - (z
'
, z
′′l
)
with x′ - (xl, X2), X
//
- (x3, ･ ･ ･ ,a,n _ 1), X
′′'
- (a′′, X n), a nd s o o n･ W e defin e
pa rtialc omple xific atio n sN, Nl a nd N2･Of Min X by
N - (I ∈ C
n
;Im z
′′′
- 0)
Nl - (z E N ･,Im z2 - 0)
N2 - (z ∈ N;Im zl - 0)
3i
a ndthe bu ndles
v - TAX
Tfx
TLX - ((a,√巧E
′′′
･ dx′′′);i
/′′ ∈ R
n - 2
),
Vl - TklX
TyX Tax,
v2 - T&,X
TYx
T&X ･
T he n V, Vl a nd V2 a r e regula rin v olutiv e s ubm anifoldsin TkX ･
point4 - (0;√巧dxn)in V ･
Fo r a hype rpla n e∑ - (z ∈ C
n
;zn - 古) (6 ∈ C), a point ゑ ∈
po sitive nu mbe rk? w ede丘ne k
- c o n eba sed o n∑ with v e rtex iby
Ck E(乏) - c o n v e xlm llof
(辛)∪‡z ∈ ∑;kli,･ - ち]≦Iin
- 古l(j ≠n))･
a nd intr odu c ethe conditio n(Fk∑)for a s ubset由⊂ c
n by
(Fk:) Ck∑(I)⊂ n for a ny I ∈ n･
W e take a
Cn a nd. a.
D efinitio n 2.1(鮎tdo main s)･ An ope n c o n v e x s et0 ⊂ C
n is c alledk- ∑-Rat
ilo s aiisS･e sthe co nditio n(FEE)I
M .re o v e r,for hyperpla n esH,
･
- (I ∈ C
n
;a,
･
- 0) (i - 1,2), w eput
cHl(i) - i(tit,i2, ･ ･ ･ ,in);0≦i≦1),
cH,(i) - ((il,士乏2, ･ ･ ･ ,乏n);0≦七≦1)
andintr odu c ethe c o nditio n s(FH,.) (i - 1,2)fo r a s ubs et nと c
n by
(FHj) CH,I(i)⊂ n for any a ∈
n･
D
l
｡finiti. n 2.2. An ope n c o n v ex s et fl⊂ C
n is called(k- ≡,Hl,H2)-Rat ilo
s atisPe sthe c onditio n s(Fk ∑)∫(FHl)a nd(FH,)I
w e u s e)fo r a subs et S⊂ C
n
†
thefollo w lng C O nVe ntio n
●
c.(s) - U a.(I),
z∈S
whe re * sta ndsfo rk ∑o rHj(i - 1,2)re spe ctiv ely･
No w wegiv e s cale sdes c ribingthe m od ulu s o
f holo m o rphic fun ctio n sdefined
in 0.
D efiniti. n 2.3. Le 川 ⊂ C
n be ak-≡ -Pat do m ain a nd 入(zn)be a po sitiv e
v alu edfu n ciion dePn ed o n ndepe nding O nly o n zn ･ For aholo m o rphicfu n ciio n
3r7
f∈ 0(∩)a nd n on - n egativ einie9e rA, w e s et
d/(z) =
(I
-
′
,z
i,Tzfn)gnf=
u
lP2l言i ” i[,
d′′(I) =
(a,,I
-fJTz
f
n,go35S芸np_ 1t乏i
一 之iJ,
i
.(zn) - s up A(izn ＋(1 - i)6),
0 < 舌<1
t[fl[^- s up
z∈Q
げ(z)l
Jl.
A(zn)d'(I)
- 1d”(z)
- 1
'
Iげル
,
A
=
.α-1
u
af≦eII
D aflJ入･
He r ew e u s ed ikefollo wing n otatio n
α - (α1, - , α n)･ ∈ N
n
,
lαl - α1 ＋ ･ ･ ･,＋ α n,
Dα - Di
al
- D
n
crn
-
∂lαl
∂zl
al
- az
n
a n
M o re ov er ifn s aiisBe s co nditio n s(FHl)a nd(FH2), W e S et
(2･1) pHl,H2(∩) - S up
z∈n
dJ(I)
I
-
6CHl(OH2(I))ヴ
'(2)
A
inf
Re m ark 2･4･ Fo r(k- ∑, Hl, H2)-jlai do m ain ∩, w e c a n e a sily sho w
d′′(乏)>_ d
”
(I)fo r a ny z
～
∈ CHl(CH2(z)).
lip - pHl,H,(∩)is .Gnite, w e'ムIs oget a Simila r e siim aie :
d,(2)≧ 也 fo r a ny I- ∈ CHl(CH,(I)),
β
fro m ike dePniiio n(2･1)ofpHl,H,(～)I
Fr o m n o w o n
,
6 istake n s othat6 - J7 q with a po sitiv e r e aln u mbe r q.
As c o n?e r n stothe e xiste n c e ofsuitable(k
- ∑, Hl,H2)-且at do m ain s, w egiv e
thefollo w l ngtw ole rr -as? Le r m a 2･5 and Le mm a2･6･ To state thes ele Ⅱ1m aS,
w e u s ethe n ota.Lio n s
r
6
= (y = (yl, - ,yn)｡ R
n
;ETTsanxly3
'[' yn)7
BRn(E) - (x - (31, I - , X n)∈ R
n
,
･
m
,
?Ⅹlx3･I< e),
Rej - (y - (yl, - ･ ,yn)∈JR
n
;yk - Ofo rk≠j),
BR(e)e,I - iy - (yl, - ,yn)∈ R
n
; yk - 0fo rk≠j,lyjI< E).
写旨
Le m ma 2･5･ LetLJl a ndLJ2 be?pen inter v als ofR co ntainin9･0, Lo
′′
⊂ Rn
‾ 3
be a n ope n c o n v e x s ubs etc o ntain l n9Q, a ndゐn ⊂ C be a nJOPe n Squ a reWith ike
fo r m
G,n - (zn - xn ＋ √了yn;Ix nl< o･,0 < yn < 2o1)I
We set
LJ
*
- WI X LJ2 × W
//
- ((xl,X2, X
′′
)∈ R
n ‾ 1
;xl ∈ wl, £2 ∈ w2,I
′′
∈ w
′′
),
w - w
*
×(トq, q[)
- (x - (I
/
,滋
′′
, xn)∈ R
n
;(a
/
っ
a=
′
)∈ w
*
,lxnl< cr),
dn(zn) - q - m ax(lxnI,Iyn - crI)･
W e dePn e a s ubs et 0 - f!(wl, W2, ”
′′
,叶 ⊂ C
n by
(2.2) n - ∩(wl, W2, 〟
′′
,0
･
)
= ∪(w *＋Bcn _ 1(誓dn(zn)))×†zn)k
zn ∈&n
- ((xl ＋ 21, - , Xn - 1 ＋ 乏n - 1,Zn);(xl, ･ - ,
.
Xn - 1)∈ w *,
zn ∈ &n,?sanxI2,
･I<誓dn(zn)):
He r e w e u s ed ike co n v e ntion
Bcn - 1(E) - i(zl, . . . , Zn _ 1)∈ C
n - 1
;
J
m ?xlzjl･< E)I
J
The n ∩ be co m e s a(k- ≡, Hl, H2)-Patdo m ain a nd s aiisie sthefollo wing co ndi-
tio n s.
(i)∩ is includedin thepr oPle
(” ･ 叫 -3))× Jqrk/vq
ba s ed o n LJ＋ BRn(請)･
(ii)∩ is atuboid a s so ciated withikepr o&le
w x v= 汀k/Ji･
Thai is, n in clude s, lo c allyin a n eighbo rho od ofa ny pointin w, the s et
ofthefo r m
Rn x v ⊂ 打k/vq - 6
fo ra ny po sitiv e e. In this ca se, ∩ a ctu ally c oincides withLJX √了rk/J5
lo c ally.
(iii)pHl,H,(n) - 1･
Refe rto[1 2]and[1l]fo rpr ofile s a ndtuboids･
ろ
Cl
Pr o of･ Thein clu sion(i) and the equality(ii)a,r e cle a r.
Tb sh叩 (ii), w e s et
ふn - (zn〒
x
n ＋ v qyn ” n;yn ' J - 帆)･
T he n we 五nd
zn ∈ ふn - ⇒ dn(zn) - yn;
andthat
o n(yn < q - zxn[)- ∪(w * . Ban _ 1(誓yn))×(zn).k
z71∈Gln
This showsthe s et ∩isthe de sir edtuboid. □
Le m m a 2･6･ Unde rthe n otatio nin Le rT m a2,5, . w edeSn e
ゐ1 - 畠1(wl, W2, ”
′′
,
J
,6)
- i(zl ＋21, Z2, Z
′′′
);I ∈ 0,l21I< 6),
ゐ2 - 白2(wl, W2, ”
′′
, q,6)
- i(zl, Z2 ＋ z
～
2, Z
”′
);I ∈ ∩,l乏2l< 6),
:
白 - 白(wl,?2, ”
′′
,
q
,
6)
- ((zl ＋ z
～
1, Z2 ＋乏2, Z
′′'
);I ∈ n,LBl < 6,lE2!<16)I
The n白1, 白2 a nd白 .a r e(k- ∑, Hl, H,)-Pat do m ains and去atisfythefollo wing
c o nditio n s.
(i)白1,白,
～
a nd自 a rein cluded in the s ein ＋ Bcn(6),
(ii)Ea chn,･(i - 1,2)is a strict iubo?
'
4a ss o ciated withthePat V,･ -proPle
･(” ＋ BR(6)e,･)× v q(rk/v5 ＋ Red)
re spe ctiv ely･ In this c as e,白,
･
c oin cides
･
with Rn x v q(rk/vq＋Rej)localy
%
～
n a n eighbo rho od ofanypointin LJ＋ BR(6)ej･
(iii)Sl is a siricituboid as s o ciated with thej言aiV -pr oPle
(” ＋ BR(6)el ＋ BR(6)e2)× P(rk/vq ＋ Reユ ＋ Reユ)I
(iv)
(Ⅴ)
(vi)
In
.
this ca s e
,
0 c oin cide s withRn x √了(rk/vi ＋ Reユ ＋ Re2)lo c allyin a
ヮeighbo rho od ofa ny point in ” ＋ BR(6)el ＋ BR(6)e2･
?3･ n H,･ - n n H,･(i - 1,2)･ .
fln Hl n H2 - n n Hl n H2.
pal,a,(al) - PHl,H2(白2) - PHl,H2(白)- 1.
T hisle m ma J a nbe pr o v ed in a simila r w ay a sLe m m a 2.5. We aJIs o r ef rto
[12]a･nd[11]forhatpr ofi1es
'
a nd strict tuboids.
ヰβ
D efinition 2.7. Let ∩ ⊂ Cn be a k-∑ -Paldo m ain a nd 入(zn)be apo sitiv e
v alu edfu n ction dej;ned o n ∩ depe nding O nly o n zn ･ W9dej;n e v e cto r spa c es
G入(n)a ndG㌘(n)by
G入(∩)- (f∈ 0(∩);IIf[l入 < ∞),
G㌘(n)- ‡f∈ 0(fl)川fII入,A < ∞ for a nye)･
The space sG入(n)a nd G㌘(n)a re e ndo w ed withlo c ally c o n v extopolo9iesby
the n o rm 川入 a nd byike syste m ofs e mi- n o r m s(川入,e)A re spe ctively･
Notethat G入(∩)a ndG㌘(0)a r ec o mple七e･ W e also referto【12]a nd[11】fo r
micr ofu nc七ion sdefin ed a sbo undary v alu es of holo m?rphicfu n ctio n sin thes e
SpaC eS･
3. BoNY - Sc血A PIR A's AGTIO N O F MIOR O DIF F ER 耳N TIA LOP ER AT ORS
In this s e ction, w e re call the ope r atio n of mic r o
-diHerentialoper ato rsfor
holo m o rphic fun ctio n sdu eto Bo ny
-Schapir a･ Se e【3]And
-
l2】･ We u s ethe
c onv entio ns
x
`
- (x
･
,
x n)with苧
*
-
L
(xl, - , Xn - 1)
z - (z
*
,
zn)withz
*
- (zl, ･ ･ ･ ,Zn - 1)
and s o on,in this a ndthe n e xt sictio n s･
Le七P be a mic r odifFe re ntia･1ope r ato r of o rde r mdefin ed in a neighbo rho od
ofU 火 ” with symbol∑,
･
≦m p,
･(I,O･ He reU ⊂ C
nis a co mpa c七 n eighbo rho od
ofthe origin, ” ⊂ Cn＼(0)is a s et ofthefo r m
(3.1) W - i(∈ C
n
＼iO);I(,･t≦kol(nI(i< n)),
and e a ch p,
･ is a ho m oge n ebu s fun ctio n ofdegr e?i with re spe ctto Edefin ed
n e a r” x ” . M o r e ove rthe fun ctio np3
･
'
s s ati吋 七he e stim ate
(3･2)
("
s
,!upJp- i(zj)I≦ CoMo
3
'
j'
[(71[= =1
withs om e c o n stan七s Co and Mo. The n w e c a･n defin ethe ke rn el fun ction
K(I, w)of Pwhichisholo morphicin a n eighbLO rho od of the s et
((a, w)∈ C
n
x(C
n
＼iO));
z ∈ u,]w nl≦ 柵 I(j< n),Iw n]<去)･
Ifo･ is s m alle n o ugha nd ∩is k.- ∑-Aa七 a nd s m alle n o ugha s一之 ⊂ U n(∑ ＋
B(1/Mo),the ope r atio n P= o n 0(n)is give nby
pJ(I)-/E,≡ K(I, I - a)i(2)dB･
He re∑7∑is a s nitable ㍑
- cycle･
年l
Fo r am ulti-inde x α∈ Nn ? we denoteby P(
α) the oper ato r withsymbol
･3･3) 紹)
α
p3
･(zJ,I
T he n w e c a ntake c o m m on ko a nd Mo in(3･1)a nd(3.2), to the operato r s
(p(α))α ENn ･ (Co m u st cha n竿e a s α cha nge s･) Mo r e o v e r, bytaking Mola rge
e n o ugh) w e c an ign o r ethe si z e OfU ･ h other wo rds, w e c a nta･ke c on st ants
ro > o a nd k. > 0 s othat the operato rsPin)is w ell-defin ed for any α,lql
a nd ko- ∑-且at nwith ∩ ⊂ B(ro)･ In fa ct, w e c a n七ake r. a,s 2ro ≦ 1/Mo
B(ro)c U･
Ifo rdP ≦0,theke rn el
l
K(I, u ')ha sthefo r m
K(I, w) -
with
(3･4) N(I, ”) -
m(I)
W l
- - W n
∑
＋ N(I, w)1og w n,
1 て ｢ α
*!aα(I)
wl
' ' ' Wh a ･晶<o ■(
‾
｡n)!(蓋)
a
'
w
n
i'α'
< ro
and
The s e rie sin(3･
1
4)c?n v e r軍e s absolutely for(w n/w,
･[≦ ko a ndlw nI< 2ro･
･ Unde rthe s ete r min olo･gl e S) W e Cite a nestim ate ofthe ope r ato r n orm ofP ･
Se e[2】, Pr opo sitio n2.1.1.
Pr opositio n 3･1･ Lei P be a mic r oLdi#e r e niial ope r ato r oforde r!0 dePn ed
in a neighbo rho od of(0;√=fdx n)･ T he n th?re e xist co n sta nis ko > 0 a nd
ro > 0 with thefollo wing Prope rty.
Fo r a nykl(0 < kl < ko), w e ca ntake c o n sta nis Cp,α (α ∈ Nn)s u chthat if
fl is kl - ∑ -Pat a nd 机⊂ B(ro), w eha v e
打倒 G入(
■
｡
1
,
≦ Cp
,
α ･
J
α ∈ Nn ･
He r e川 G (^n)de n ote sthe ope r ato r n o r m ofbo u nded lin e a r ope rato rs o nG入(f?)I
No七e tha･t the c onstants Cp,α depe nd o n P) α a nd kl, a ndthatthey ar e
indepe nde nt ofthe choic e of ∑, ∩, or ュ.
R elpa rk3･2･ Fo r e諾a mPle, Dj∑f(I)is equ al io Djf(I),(Dご1)∑f(I)is equal
to
/LqI(z*,2n)din ,
i･ e ･, ike･indePniieinte9ralfr o mtheiniiiaJIs u rfa c e∑, a n
-d(D n
- k
)∑f(I)is equ al
to((
LD訂
1)∑)
kf(I).
In 9e n erd, the ope ratio n ofP whichha s afo r m al expa n sio n
P(I,D) - ∑ aα(I)D α,
α∈Nn
- 1×盗
年 乙
is w ritte n a s
pd(I) - ∑aα(z)D
*
,α
*
(Dn
a牲)∑f(I);
in a n eighbo rho od ofn n ∑. Se e[3,§2.1]･
4. SI M P L E S ⅡE E T O P E RAT O RS
Inthis s e ction , we r e c allthedefini七ion
l
a nds e veralprope rtie s ofsimple she et
ope ra七ors
l intr odu c ed byBo ny[2】･
Fo r amic rodifferentialope r ato r P,the c o rr muta七o r[D
α
,P]of D
α
and P
c an be w ritte nby
【D
α
,P] - ∑
β<α(;)p(α
- P)DP)
in Ex , whe reP(
α)is asin(3.3).
■But a s a n operato r onthe spa c e of holo m o rphic
fu n ctio n s, the co m mutator[Dα ,PE]is n ot equal七o ∑p<α(pa)pi
a ‾ β)DP･ T he
notio n of simple she et ope rato r sdes cribe sthis di#e r enc e･
D efinitio n 4.1. Let 0 ⊂C:n be a k. -≡-Pat ope n c o n v ea7 S et n e a rthe ori9in ･
Thefollo wing 0Pe r aio ris c alledsimple she et ope rato r, which operates
l
o n0(n)･
T=f(I) -iL(zっ z - 2
'
)I(2)d F･
He r e
乏 - (2
*
, v q q) - (z
～
1,乏2i - , Z
～
n - 1, V q q)
(4･1) L(I, w) -
1
W l
- ･ W n - 1 a 事>o
JaI
-
5;0
∑ e｡(I)
kQ
(3)
a
事
w n
-'α-
,
7
*
-
n
f(2,･ ∈ C;l2,･ - I,･I-圭一√耳q 一 之n()
i-1
a ndthe s u min (4.1)c o n v e rge sinlw n/w,･[≦ ko,lw nI< <1,1zl< <1･
Fro m no w o n, w ealw ays a s sum e that the do main ofholo m o rphy of simple
sbe e七ke r nel(4･1)is a neighbo rho od of
((z, w)∈ C
n
x(C
n＼(0));
lzl≦ r.,[w nl≦kotw,･] (i< n),1w n7< 2ro)･
andtha七 n is k.- ≡-Aat a nd n ⊂ B(ro)I T he n the ope r ato rT= ope r ate s on
0(∩)･
w e r e callthe bo u ndedn e ss ofTE. Se ePr opo sition 2.2･2 in[2]･
1T hey w ereo rlglnally n a m ed
a
oper ate u rsde sim ple c o u che
n in Fre n ch･
年写
Propo sition 4.2. Lei T a nd ∩be a s abo v e. The n the re e xists a c o n sia ni
CT > 0 with
!ITEllG (^a)≦ CT･
M o reover w ecite tw opropositio nsfro m[2].
Propo sitio n 4.3. LeiT be a simple she et ope rato r. The nthe r e e xist simple
she et ope r ato r sSo, Sl, . . . , Sn _ 1 S aiisfyin9
n - 1
D n T= - So∑ ＋ ∑ s,･∑Dj･
j=1
Pr opositio n
14.4. Le舌 P be a mic rodiHe r e niial ope rd o r of o rde r≦ 0, a nd
ko a nd ro be a sin Propo sitio n 3.1. The nthe r e e xist simple she et operato rs
To,Tl, . . . , Tn _ 1 S atisfying
n - 1
[Pn ,PE] - 【Dn ,P]∑ ＋ To∑ ＋ ∑,T2
･
∑D,
･
･I
3
'
= 1
propositiムn 4.5. Lei P･be a mic r od%He r e ntial ope r ato r. Ifα n - 0, the n
[D α , P=] - ∑
β< α(冒)
Pro of. Let u spr o v e a n equivalent formula
D αP= - ∑
β≦α
pia
- β)DP.
(pa)pia - β'DP･
Sinc eth?both side s a r e w ell defin ed a s ope r ato rs o n0(0),iもis s ufRcie nt to
show the eqllalityin a n eighbo rho od ofa poin七infln∑. Mo r e o v e r,takinginto
a c c o u nt ofRe m a rk 3･2
,
w e ca n redu c ethe proble m to th占c a s eP - a(I)D7 ･
In this c a s e, w ehav e
D α PEf(I) - D
α
(a(I)D芸f(I))
- ∑
β≦α
- ∑
β≦α
(;)
(;)
(p
α ‾ βa(I)(DPD芸f(I))
pia
‾ p)DPf(I).
Notethat the c o mm utativity of Dβ a nd
. D芸follo w sfr o mPn
.
- 0･ □
Pr opo sitio n 4.6. Lei P be a mic rodiHe r e ntialope rato r ofo rde r≦0, a nd ko
a nd ro be a sin Propo sitio n3.1･ T he nthe re e xistsimple she et ope r ato r s(Tp)β
sbtisfyin9
(4･2) [D
α
,P=] - ∑
β< α(;)pi
a ‾ β)DP＋ ∑ Tp∑DP.
Pn < Q n
lβl≦l叫
44-
pro of. Let u spr o ve a n equiv alent for m ula
(4.3) D
αP: - ∑
β≦α(
a
p)密
‾β)DP ＋ ∑ Tp∑D
IP
･
Pn <α n
lβl≦lαl
byindu ction o n an ･
propositio n4.5 show sthat(4･3)istru ein c a s占 α n - 0･ Oper ate Dn to the
both sides ofthisfo rm11 a, a nd w eha v e
D
a＋en pE
- ∑
β≦α(冒)DnPi
a ‾ β)DP＋ ∑ DnTp∑DP
βn <α n
IPt≦laI
孟(沖 -β,Dn ･ 軒 p･en,･Too=
- β増 -)DP
･姦(so
?
E
'
･:;l
l
s
3
P
ED3
･)Dβ
- ∑
β≦α
(a)
(;)(軒 β'DP'en ･ 軒 β＋en'DP)
＋ ∑
β≦α(;)
n - 1
T.
a
E
- PDP ＋ ∑ ∑
j=1 β≦α
n - 1
＋ ∑ s.pEDP ＋ ∑ ∑
fpn['s詣 j
- 1fpnI<s筒
(冒)T,e{PDP'ej
鴇DP＋ej,
w he r eT3
rP a nd S
3
? a re simple she et ope r ato r s obtained by ap plyingPr opo
-
sitio n4.4 a nd Propo sitio n4･3 to P(
α - P) and Tp r e spe ctively, and
(4.4) e3
･ - (6,･1, - ･ ,6,･n)
with Kro n ecke r
7
s delta 6i3
･
･
T he firstte r m of(串)is equ al to
p< .en(
α '
p
en)pia'en
- p'Dβ,
a nd the r e m ainder c a nbe w rite n a s
∑ 毎∑DP･
Pn <q n ＋1
1刷≦1a＋e nl
with s uitable simple she et operato r sTp.
[
今夕
Co rollary 4･7･ LeiP be a mie rodiHe re niialope rator ofo rde r≦0, a nd k｡ and
ro be a sin Propo sitio n 3･1･ Fo r a nykl With0 < kl < ko, the r e e xist c o nstants
Cp a ndcp,A(2 - 0,1, ･ ･ ･) s u chthat ikefollowing e stim ates
lfPEfH^
,
A≦ CpHflJ入
,e
＋ Cp
,
efげH,
,
A_ 1
hold whe nI?iskl- ∑-Pat a ndn ⊂ B(ro),
Pr o of･ Fr om (4･2),the equ ality
DαPE - PED
α
＋ ∑
β< α(;)pia
- ♂)DP ＋
.
∑ Tp∑DP
Pn < α n
lPl≦IQl
holds･ Takel‡･ffI入 Of the both sides. T he n w eha v e
[fD
αPz:ffL入
≦HPED
α
fff^＋ ∑
β<α
≦ CpIID
α
fル＋ ∑
β<α
(冒)!軒p'Dbfll^･ 誹 ED
Pfl人
(冒)叫fDPfJf^･ ･姦cTp.1fD
bjf(;
He re w e u s ed Cp
,
α in Pr opo sitio n3･1 with Cp - Cp,o) a nd CTin Pr opo sitio n
4･2
･ Sin c ethe m ulti-inde xβ ofthe right ha nd side alw ays s atisfie sIP[＋Pn <
lαl＋ α n , w eha v e
f(D αPEfll^≦ CpHD
αfu^ ＋ C
α
11fル,IaI.α n _ 1,
with
C α - ∑
β< α(p
a)Cp,α - p ＋ ∑ cTp:Pn <a n
lPl≦lαl
Ifw etake the s uprim u m onlαI＋ α n ≦A, w egetthe de sired r es ult. □
R e m a rk4･8･ LetP a nd n あe a sin Co r olla ry4･ 7･ The n7u eha v e
f∈ G入(.0)= ⇒ Pz:I∈ G入(∩),
f∈ G㌘(f?) ⇒ PI:I∈ G㌘(0).
M o re o v e rifw e cho o s e入fo rG入(0)and G㌘(n)tobe stable u nde rthe ope r atio n
Dα (α ∈ N
n
), w eget the s a m e re s ultfo r a ny ope r ato r of Snite o rde r.
5. Gotl R S AT P ROBLEM S ON F L A T D OM A I N S
Let P - DID2 - DIA - D2B - a be a micfodifFe r ential ope r ato rdefin ed
iba n eighbo rho od of4 - (0;v q dx n)∈ Tax, whe r eA, B a nd a a re mト
crodifFe re ntialope r ato rs of o rde r≦0.
.
T he n w e c a ntake c o n stan七sk. > 0 a nd
ro ～ 0for which the a ctio n sA∑, 哉 a nd CE a reWell-defin ed on 0(0)for a ny
Gr > 0, 0 < k < ko a nd k- ∑- 鮎tdo m ain n ⊂ B(ro).
午占
In this section, w e c o n side rthe Gou rsatpr oblem
(5･1) 〈(DID2
- DIA∑ - D2B∑ - C∑)I - g
ftHl - 0, flH, - 0
fo r agiv enfunction 9 ∈ 0(∩)and a n u nkno w nfunctionI∈ 0(fl), unde rthe
a s s u mptions:
(5.2) nis(k-≡,Hl,
-A,)租at,
(5.3) pHl,H,(∩)< p,
(5.4) n ⊂(Hl n H2)＋ B(r)I
He r ethe po sitiv e co n stants 〟 a nd ㍗ < ro will bede七e -in ed late r･
Fir st we co nsider e a sy Ca uchy proble m s on(k-∑,Hl,H2)- 鮎tdo main ∩:
(C P吉)
(C P.,?)
〈芸望
=
=
9
.
〈芸ま…言3
'
9
He r ej - i,2. Notethatthese Ca u chy pr oblem s a r ewell-po s ed forI,9 ∈ 0(∩)･
Le m ma 5.1. Letpbe an a rbitra rypo sitive co n sta nt･ Ass u m ethat ∩s aiisBe s
(5.2)and(5.3). The nfo r a ny pair(I,9)which s alisBes(C P誉)or(C P茎), w e
ha ve
llfll入 ≦(1＋ p)I]9II^･
pr o of. Fo r(I,9)s atisfying(CP…), w eget
(5.5) f(I)- 9(I)i 9(0, z2, Z
′′′
)I
ThllSitis s ufRcie nt to sho w the estim ate
lg(0, z2,Z
′”
)I≦pl9(I)I,
bu七i七is･a n e a sy c o n s equ e n ce of Re m a rk 2･4･ 口
T he fo1o w lnglem m a also fo1lo w sfr o m Re甲a rk2･4･
Le m m a 5.2. Letp a nd r be arbitra ry po sitiv e c on sta nis･ As s u m ethat n
s aiisSe s(5.2)-(5.4). The nfo r a nypair(I,9) which s atisPes(CP壬)o r(C P
1
2),
w eha v e
IIfll入 ≦(rp)=釧入･
co r olla ry 5.3. Ass uふe
'
thai 0s atisjie s(5･2)-(5･4)a nd thatr < 1･ The nfo r
i,gl,92,93 ∈ 0(0)s atisfyingike Go u r satproble m
(Grl)
w eha v e
i
DID2f - Dlgl ＋ D292＋g3
fIHl - 0, flu, - 0
lげLl入 ≦ rp(1＋p)(Ll91I^ ＋]I921L^＋Il93II^)･
キ7
Fr om n o w o n, w e alw ays a su m etha,t r < i.
Now w e willc o nstr ucta solution iof(5･1)byite ratio n. Wedefin e vo ∈ 0(∩)
i
DID2Vo - 9
vo‡Hl - 0, voIH2 - 0
by
a nd de五n e vj ∈ 0(∩)(i - 1,2, - )indu ctiv elyby
(DID2V,
･
＋1
- DIA∑vj＋ D2β∑V,. ＋ C∑vj,
vj＋1IHl - 0, v31＋1[H, - 0･
TakingI - ∑,. v,～, wefindtha七ifthisin丘nite s u m c o n v e rge s unifo rmly o n any
c ompa?t Subs et ofn,Ibe c o m e s a s olution of(5･1)I Let u s s e ethe pr o c e s s
dete r mlnlng Vj＋1fr om v3
1 PreCisely･
Fro m Propo sitio n3･1, w ec a n.
take a c o n sta nt CP depending o n P, s u ch that
for anyk- ∑- 鮎七do m ain I?⊂ B(ro),
llA∑JIG入(∩),)lBEtlG (^n),I[C∑nG入(n)≦ C
P
･
Tben 比 e e s七im a七efblo w s丘o m Co r olla ry5.3,
(5･6). 1lv,･＋1‖入 ≦ rp(1＋ p)I 3 C
P
LIv,･‖入,
u nde rthe a sstl mPtio n s(5･2ト(5･4)a nd r < 1･
As co n c e rn sthe deriv ativ e s of v3
･
＋1, W eglV e
Le m m a 5.4. The ree xist c o n sia nts CA > 0(e = 0,1, - )s u chthai
(5･7)
IIv,･＋1‖入
,
A ≦ rp(1 ＋p)･ 3C
P
lvjlT^
.
e＋ m ax(rp,1)(1＋ p)Ce[lvj‖入,A _ 1 ･
Pr o of. Co n siderthe equ atio n s:
(El)
(五2)
(E3)
〈
〈
i
DID2W l - DIA∑v3
,
w l[HIUH2 - 0
DID 2W 2 - D2BEV3
･
w 21klUH2 - 0
DID2W 3 - CEV3
･
w 3lHIUH, - 0
The n v3
･
＋1 isthe su m ofthe s olutio n s wl) W2 a nd w 3･ To e stim ate D
α
wl,it is
e n o ughto studythefollo w l ngfou r c a s e s･
(Ⅰ)tbe c a s e α1 > 0, α2 > 0･
Ope r a七e D
α ‾ el
‾ e2 to the both side s ofthe Rrst eqllatio n of(El)･ Then w e
get
D α w l - D
α ‾ e2A∑vj)
a nd七be e stim ate
llD
α
w l J^≦ CL,α - e2=vjll^,[aI.a n ～ 1
午g
fo r s o m ec o n stant Cム
,
α - e2
･
(ⅠⅠ)the c as e α1一>
'0
,
α2 - 0･
oper a七e D
α - el 七otheboth sidesofthe fir s七 equatio n of(El)I Sin ce α2 = 07
w ege七
D2(D
α
w l) - D
αA∑vj,
a nd
Dα wI H2 - 0･
D α wl is cha r a cte rized bythe s etwo eqtl a七ions? a nd we ha v e
llD
α
wl l入 ≦ rp(C
P
ID
α
v
3
･lI^ ＋ C左.αlly,･=榊 .an - 1)
fo r s o me consta nt CL,α ･
(ⅠⅠⅠ)the c a s eα1 - 0, α2 > 0･
ope r ate D
α - e2 tothe .both side s ofthe first equ atio n of(El)･
we get
Dl(D
α
wl) - D
a ＋el ‾ e2A∑v,
･
,
Sin c e α1 - 0,
a nd
D α wI Hl - 0･
D α w l is cha r acte riz ed bythe s e七wo equ ations, a n
d w eha v占
IID
aふ1Il入 ≦ rp(CPIDa･el
- e2
v,
･Il^I ci,a .el - e,‖v,･-Ill,.α,.a n - 1)
fo rs o m e c o n sta nt(ち
,
a＋el - e2
I
(ⅠⅤ)the c a s e α1 - 0, α2 - 0･
ope r ate D
α to theboth side sof 七hefir st equ atio n of(El)･ Fro mthe c o ndi-
tio n α1 千 α2
- 0, w ededu ce
DID2(D
α
w l) - DID
αA∑v3
･
,
a nd
- Dα w I HIUH, - 0･
D α w l is cha r a cte riz edbythe setwo equ ations, and w ehiv e
llD
α
w l l入 ≦fp(1 ＋p)(C
PItD
α
vjII^＋ Cム,αllb3
･LI^
,lal. 恥 - 1)
fo r s o m ec o n sta nt Ci,｡ ･
I we als o ha v e simila r e stim ateto w2 a nd w 3 With c o rresponding c o n st
ants
C占,α , Cb,α ･ Set
ce - 3
1α%
a
n
X
se
(Cユ,α ,C占7α, Cb･α)･
T he n w eget the desired estirpate･
⊂
No w w eglV e
午?
The o r e m5.5. LeiP - D ID2 - DIA - D2B - C be a mic rodiHe r e niialope rato r
deBn edin a nei9hbo rho o4 of4 - (0;ノ=Tdx n)∈ Tax, with operator sA, B
a nd Cofo rde r≦ 0, a ndp a c o n sia ni withp > 1･ WePnd c o n sta nts k > 0
a TLd r > 0fo r which ike Go u rsatpr oble m
(5･8) 拭
=
=
g
.
, I.H2 = .
is w ell-posed o n G入(∩)a nd G㌘(0),fo r a n a rbitr arydo m ain ∩ ⊂ B(r)s atis-
fying(5･2)-(5･4)I
Pr o of. Take k a nd r a sk i ko, r < ro a nd
6‥ - rp(1＋ p). .3C
P
< 1･
T he e xiste n c e a ndthe u niquene s s o nG入(∩)a r e e a sy c o n sequ e n c e s ofthe e sti-
m ate(5･6)･
No w w e a sstlm ethatg ∈ G㌘(fl). Notethat
‖voIL入,A < ＋cb for any2･
Fro m (5.7), w e c a ntake a nin cr e a sing.s equ en ce 1≦ C占≦ Ci≦ -
tlvj'1)I” ≦6IIv,
.ILL
,
A＋ a;Itv,1‖入,A - 1,
w hich sho wthe e stim ate s
l[vj[I入,A≦ ∑
L/≦e(ej,)a;cLl ･ ･ ･ C;_ eI.16j
‾ e'
LIvoII入,EニE, ･
wi七b
T lms, for an a rbi七r a ryfiⅩedA, w eget
=vjII^
,A ≦(e＋1)(Ci)
e＋1IIvoll^,2 ×j
e
･ が
⊥e
,
and the s u m∑,I vj C O n V e rge S Withre spe ct to al 1甲emi
- n o r m s‡川入,A)L･
c o n cllユde s 比 e pr o of.
T his
⊂]
c o r olla ry 5･6･ LetP a ndp be a sin The o re m5･ 5･ For so m e c o n sta nis k>
0
a nd r > 0, the Go u rs atpr oble m
〈fFHf
=
=
g
9
0
1, fIH2 = g2
fo rdaiag,･ ∈ G入(0)(re sp･ G㌘(I?))s aiisfyin9 gl - 92 0 nHl nH2, ha s a u niqT
e
s olutio ni ∈ G入(∩) (re sp･ G㌘(0))I H e re0 ⊂ B(r)is a n a rbitra ry do m am
s atisfying(5･2)-(5･4)I
Prvqf. Ifw e
'
put
き - 91(0, I,, z
′′′
)＋g2(zl,0, z
′′′
) - 91(0,0, z
i”
),
七he n き and P:5belo ng七o the sa m e cla s sG入(∩) (r e sp･ G㌘(∩)), a ndi
- 磨
satisfie s(5･8)with
9 - 9o - P=き,
whichgiv e sthe desir ed r e sult･' 口
㌻
6. PR O O FOF THE THE OR E MS
In this s e ction, w e giv ethe pr o ofofoir m ain七he o r em s(The o r em 1.3- 1.9)
stated in§1.
Fr o m七hehypothe sis(A･1･1)-(A･1･4),p - q(P)is de c o mpo s edintt･
P = qPIP2?
withprin cipalsymbols q,pl a ndp2 0fope rato rsQ, Pl and P2 Which s atisfy
o rd Pl -
■
o rdP2 - 1,
Qis elliptic at4,
vI
C
- (pl - 0), V2C - (p2 - 0),
ipl,P,) - 0 o n V
C
,
■dpl∧ dp2 ∧ w ≠O o n V
C
.
苧e re(I , ･)isthe わoiss o nbr a血t and” is a c anonicai1- .fo r m on T
*X ･ On
a c c o u ntof thehypothesis(A.1･5);w e c an cho osepl a ndp2 Whicha r e re alv a･1u ed
o n Tax . T hu s, by u sing a s uitable real(qu a ntiz ed)conta c七tra n sfo rm atio n,
w e c a n r edll C e O u rp oble m to 七be c a se
M - Rn L → X - Cn,
Vl - ifl - 0),V2-- (E2 - 0),V - iEl - f2 - 0),
ウニ (o; P dx甲)･
●
M o r e o v e rif. w e a s s u me(A ･2), the n by u singthe for m(L)in Re m a rkl･2?I
Levi co nditio n, w ededu c e
p - Q(DID2 - DIA - D空b - c)
with an elliptic dpe r ato rQ a nd ope r ato rs A, B, a of o rde r ≦ 0･
■Taking
a c c o u ntthat an elliptic ope r ato r ope rate sbijectiv ely o nCk,ck a nd A
2
i
*
, w e
m ay a ss u m e,fro mthe begin n ing, that
P - DID2 - DIA - D2B - a.
First w estudythe s olv ability proble m･
pro ofofThe orem 1.3 a nd The o re m1.4･ Let k, r aJnd p bel C O n S七 an七s deter -
m ined fro mP a sin the Theムr e m5.5. Fo r any micr ofun ction ” ∈Ck,4, We C a n
take a. definingfun ctio n9 Whichis holo m orphicin attlboid ∩ a s s o ciatedto a
profile A - ” x v q r･ fle r ewe take a n eig
.
hbo rho od
LJ - B汲n(e)
ofthe o rlg n a nd a pr ope r ope n c o n v ex c o n e
r - (y∈ R
n
;e 欝Iy3
.[' yn),
ケI
bytaking a co n sta nt e > 0 s ufRcien七1y s mal a s e< k/2. If w etake wl, W2, L J′′
a nd a- > 0 s.
m alle n o ugha sin IJe mm a 2･5, w e m ay a ss um e that9 belo ngs to
G入(∩), Whe re0 - ∩(wl, W2, ”
′′
, 0
･
)asin (2･2)a nd ･
(6･1)
･ A(zn) - [Im znrL
with s o m e c o n sta nt L > 0･ The n by Theore m 5･5 w e c a nget a s olutio n
I ∈ G入(n)of P=f - 9, Who s ebo u nda ry valu eisチ mic r ofu n ctio n s olutio n
u ∈ ck,4 OfPu - v ･ T he s olv abil七y on Ck,卓.Willbe slmi 1a rly pr o v ed, and this
c o n clude sthe pr o ofofThe o re m1.3.
Co n c e rningto the c a s eA姦:i(in The o r e ml･4), w e c a nals opr o v ethe s olv -
abil tyby c o n str u ctingthe do m ain sby Le m m a2.6 in ste ad of Lem ma 2.5. In
fa ct, w e c a n血o o s e
～ ～
｡ nl, n2 0 r ∩in Le m m a2･6 for the do m ain ofholo m o rphyチC C O rding･to
the cA白e # - Vl, V2 0 rV,
●
a nd
G入 O rG^
c oin Definition 217fo r a cla ss of de丘ningfun ctio n s a cco rdingto
the‾c a s e *.- i･o r･d,
･ adefining fun ctio n9 0fthe data ” whichi8 holo m o rphicin this do main
a nd belo ngs to,this cla s s.
He r e E, L Jl, W2, ”
′′
,
0
･
a nd a fun ctio n入 of the for m(6.1)a r e cho z e ndepe nding
o n v･ T he n w et an als oget a s olutio nI ofPEf - 9,･hdlo m o rphicin the s a m e
do main a nd belo ngingtO the s a m e cla s s a s9.. Final lybytakingthe bo tlnda ry1･ r l n a
P u = v .valu e ofP=f - 9, W eget the s olutio n u of ⊂]
Pro ofofTheo r e ml･8･ Note･tha七ifヤ do es n ot m e et(i;fl - E2 - 0), the r e
e xists a s olutio n u ofPu - vls atisfying s up pu ⊂ K x ヤ. In fa ct, P is simple
cha r a c七e ris七ic o n(VI U V2)＼V a nd elliptic o utside of VI U V2, and K is co n v e x
u nde r.the 丑o w sgene ra,ted by∂1 a nd a2.
No w w e lユS ethefbllo w lng n otio n :
7(i,a:) - (7 ∈ R
n
＼(0);
71 f
わI li
< e)
for a v e c七o rf ∈ Rn＼(0) a nd a con sta nt E. Leti be a v e ctor withEl -
f2 - 0･ ByT he o r em 5･5, w e c a ntake apo sitive c o n sta nt6e s u chthatfo r a ny
c o n sta n七 e < 6E a nd a ny mic rofun占tion ” ∈ Cふ(*諒(w)) (r e sp. cR4(舟d(”)))
withsup p” ⊂ LJX ㌔:了1(i, E),the r e e xists a micr ofun ctio n s olutio n
u ∈ c怠(す諾(K)) (r e sp. C怠(舟d(K))
who s e sup pof七isin cludedin K x v q T(i,2e), Fo r agiv e npairヤ ⊂⊂ 7, W e
c a n七ake a丘ni七e sllbc o v e rlng
∫
今 ⊂ ∪7(E3
'
,
e
,
･)
3
'
- 1
Ez
ofa n ope n c o v e rlng
s atisfying Eそ
divide ”into
ヤ⊂ ∪ 7(i, eE)
e∈ラ
モ1 = i2 = 0
≦ 8e a nd 7(i,2ee)⊂ 7･ According to this finite co v e ring, w e
J
v - ∑v3･ ＋ vo,
3
'
=1
s atisfying
suppv,
･ ⊂ ” x
r√=和(f3
'
, E3
･) (i> 0),
s11PPVo n V - 臥
He r e w e usedthe s oftne ss ofthe she a v e sCka ndCみ. The n w eget u,･'s with
Pu3
･
- V,
･ (i - 0,1, - , J),
s up pu,
･ ∩ 舟諒(K)⊂ K x ノ=も,
who se su m u - ∑ u,I enjoysthe desiredprope rtie s･ □
Next w e studythe de c o mpo sitio n ofs olutio n s of ho m oge n e o u s equ a七ions ･
pr o ofofT he o r e ml
'
･9･ Fr
.
o mthe s oftn es s of the she afCk, w e m ay a s s um e七hat
the s?lution u belo ngsto Ck(*諒(”)), whe r e wis a n op?n neighbo rho od of
K - ((xl, X2,0, … ,0);0≦ xl ≦ rl,0≦ x2 ≦ r2),
a nd
.
that s upp uisinclndedin ” x √市 7 Whe r e7 ⊂ Rn be an a rbitrふry s m all
c o n i c n eighbo rhood of(0, . ･ ･ ,0,1)I S inc e s up pP u do es n ot m e et L, w e can
take,by virtu e of T he o r e m1.8, a S olutio n 菰 ∈ Ck(舟諒(F))of P 茄- P u with
s11PP菰 n L - O.
co n
･
side ring u - 滋in stead of u, w e m ay assu m e,fro m the begin n ing,that
u ∈.cふ(女it(K)),
suppu ⊂ K x √=わ,
s11PPPu - 臥
w e view the se re sultsin te r m sJoモthe defining func七ion s･ T he n by Le m ma
2.5, w e c a ntake(k- ∑,Hl,H,)- 鮎tdo m ain 一之 - 0(wl, W2, ”
′′
, q)and a defining
f un?Lio nI∈ G入(∩)ofu withthefollo wing prope rties･
o LJl ⊂ A a nd w2 ⊂ A a r eope ninte rv alsin cluding【0,rl]a nd[0,r2]r espe c-
tivdy.
o LJ
′′
⊂ Rn
‾ 3is a c o n v e x open n eighbo rho od ofO･
｡ q is smalle n o ughs othat9 - P=fis holo m o rphicin a n eighbo rho od of
the clo s u r e of∩.
｡ 入is afun c七io n ofthefo r m入(zn)- llm znr
J
fo r s o m e constant J･
｢与
The n w e c a ndivide∫into
f - fl ＋f2,
whe r efl a ndf2 a r ethe u niqu e s olutio n s ofthe Gou rsatproble m s
i
i
and
PEjl - 9
flIHl - I(0,z2, Z
′′′), fl H2 - I(0,0, z
′′′)
PEf2 - 0
f2fHl - 0, f21H, - I(zl,0, z”/) - I(0,0, z”/)
re spe ctiv ely. W e re m a rkthat if w etake 6> 0 sm alleno ugh, 9 e xte nds holo -
m o rphical1yto nl a nd n2 0fLe m m a2.6･ andbelo ngsto the cla s sG入･,Thu sw e
c a n e a sily s e ethatfl a ndi, als obelo ng七o G入(al)a nd G入(白2), a nd u3･
'
s a re
defin ed asbo unda ry valu es ofI/s･
Mo r e o v e rif4 宮W F(”), cha nge K s o s malthat
･w F(u)∩ id(K)= め,
a nd r epe atthe pr e c eding
.
a rgu m e nt u nde rthe cla s sG㌘in ste ad ofG^･ T he n
w ege七tbe a n othe rde c o mpo sitio n
^ ^
f - fl ＋f2,
^
f,･ ∈ G㌘(a,･) (i-- 1,2)
^
in s o m e s mal le rdo main s∩,
･
･ Fr o mthe u n iqu en e s s Of the s ohltio ns･ofGo u rs at
^
pr oble m s, w eha v efj - I,･(i - 1,?)I [コ
Note thatT he o r e m1.5 is a nim m ediate c o rolla ry of The o re mI.9.
Fin ally, w e studythe e stim ate ofr egula ritie s.
Pr o ofofThe o r･e m 1. 6. W e m ay als opr o v ethis the o re m u nde rthe s a m e si七tLa-
tio n a s abov e, a nd
甲(a,i) - (rュs, r2t,0, . - ,0;√:了dx n)
-
,
甲(Ix I) - L,
whe r eL is als o s a m e a s abo v e. Then TIl e O re m1.9 allow s u sto de c o mpo 紀 u
a S
u - ul ＋ u2,
uj ∈ Ay(L) (i - 1,2)･,
p(o,o) - (o;√耳dxn)､卓 W F(u3･) (i - 1,2)･
T hlユS,fro m the pr opa,gatio n 比 e o r e m of diffe re ntiable si ngula ritie s alo ngholo
-
m orphic para m ete rs(r efe rto[2]･ Se e als o[11]), w eha v e
p(1,0) - (rl,0,0, … ,0;√7d3:n)卓 W F(ul),
p(o,1) - (0, r2,0, - ,0;Jqdx n)卓 WF(u2)･
>4･
Sin c ethes etw o points a re als o outside of W F(u),the e stim a七e s･
p(1,0)卓 W F(u - u1) I W F(u2),
a nd
甲(0,1)卓 WF(u - u2)- W F(ul),
fo11o w･ Ap plyingthe pr opagationtheorem aJga ln, W eget
●
や(1,1)卓 W F(u2),
甲(1,1)卓 WF(ul),
which co n clude sthe de sir ed re s ult. 白
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ABS T R A C T
For linearfunc七io nal differ e n七ialequ ation s with in五nite dehy in a B an a ch
spa c e, a variatio n- of- c o ns七arltSfor m ula is e stablished in the pha se spa c e･ As an
ap plic atio n on e ap pliesit to studythe admissibli七y ofs o m e Spa ce s Of func七io n s
who se βpe c七ra a r e c o ntain edin a clo sed stlbs et ofthe real lin e･
㌻旨
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1. I NT R O D IJ C T I O N
Ip this paper we are CO n Cer n ed with the lin e
arfu n ctioh al di 鮎rential
equatio n with in丘ni七e delay
,
i(i)- Au(i)＋ L(ut)＋f(i), u(i)∈ X, (1)
o n aphase.
spac eβ - β((- ∞ ,0】;X)s atisfyings o m efunda m e n叫 牢o m s
stated in Sectio n2, wher eX is aBan a ch spa ce, A is the infi
1n
i
(
.,
@?im al
†･● ■
ge n e r a如 of a str ongly c･o n七in u o u s s e m lgrO uP O n X, ut is the e
lethen七 Qf
β( 卜∞ ,01;X)de丘n ed by u七(s) - u(t＋ s)for s∈ 卜
∞
,0]a nd L is a
bo unded lin e aroper ator m appingB into X･
T he m ain pu rpos e ofthis paperis to establish a r eprese
ntatio nfor m ula
6.r s olutio n s of(1)in thepha sespac eβ which c orrespo ndstothe v aria七ion
-
of- c o n stan七 ･for m ulain the the ory of lin e ar ordin ary di 触e n七ial
equatio n s･
so, w e often cal the represeI止atio n for m ula obtain ed here
ike v ariatio n-
of- c o nsta ntfo r mula in the pha se spa ce･ Su ch
a repres entatio nfor m ula is
a po w erfulto ol which is widely u s ed in v a
rio u s studiesfbr the qual itativ e
theo ry of differen七ialequ atio n s and fun c七io nal
di 鮎rer[tialeqtlatio ns;se e e･g･
【2, 3, 5, 6, 10, 14, 15, 1 6, 24, 25, 28】 and the
T
r eferc n e estherein ･ W hen X
is finite dim e nsio nal,
.
the repre畠entatio nfor m ula forfun ctio nal differ ent
ial
eqvatio n shas be en@st
'
ablished by H ale[5]inthe case of fini七e delay a nd
by M ur akami[16]inthe,c a s e of in丘nite del野 ･ In theinfinite dim en sio nal
ca s e, ho w ev er,there aris e s o m edifRc ultiesin.establishi血gth
e r epTeSe n七ation
f.r nula for(1)in the phas e spa ce･ In fact,
tin the finite dim en sio nalc a se,
the adjoint equ ation ofthe ho m oge n eo us equ atio n aB
S O Ciated with(1)has
esse ntiallybeen utilized(cf･ [16])･ Up to n o w, in the
inBni七e dim en sio n al
c a se
,
ho w ev er, the adjoint the ory ha snot be endev eloped w e
llen o ughto
e stablish the form ula fo r(1). Ofco u rse, the repr ese ntatio nfor mula in X
can be easily established e v e ninthe in丘nite d
im en sionalca se･ Ho w e ver,
iもis n o七 the c as efわr the for mula in the phas e space
･ A 加 al1y, in the
infinitedim en sio nalcas e,the r epr ese Ⅱ七ationform ula int
he phas e spa cefo r
fu n c七io nal difFerentialequ aもio nswith fini七edelayha sbe e
ntreated in sev eral
･w orks(se e e･g･ 【2, 3,6,15, 24, 25,28]a ndthe r efere n c es
ther ein)I How ev er,
it s ee m sthat the for m ula obtain ed in[15, 28]is n ot ex actly the on ein the
pha se spa c e as claim ed
l
I we noticethatin[1】a v ariatio n ofconsta nts
the s ol 血o n s emigrotlp LS n ot de丘n ed atdis co n
七i hu - s血 ICtio n s･ Ifo ne
exte nds its a. m ain t. this fun ctio,A spa ce a sdone
in (1 51 o r[28･ p･ 1 1 5]･ then やis
･J L ▲
▲
b
v ‾ ‾ v - ‾■■ー 7 ‾ーI‾‾‾
se m lgrO uP IS n O七 stro ngly
co ntin u ou s e v e ninthe Sim plest c as e･ S
o
)
in this way t he
integralin .thefo r mula is u nde丘ne
d a s a nihtegralin 七he phas e spa c e･
ケう
lュn ge n er al】
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form ulahasbeendis cu ss ed forthebo u nded case,i.e. , the c as ethe oper ator
A - 0. It m a.y be s e
- ntha.tthe m ethod e mployed in[1]is obviou slybased
o n七be bo u ndedn ess of 七be equ ation, a nd hen cei七is u n applic able 七o the
unbounded c as e, i.e. , the ca seA ≠ 0･
the proble m ca nbe fわu nd in【2, 3, 6,
per七nrbatio n七be ory of semigroups has
variatio n of c o nstarltform ula has b
l
een
0七ber altern ativ e ap pr o a cbes七o
24
,
25】. Espe cially, in【2, 3】the
bee n e xte n siv ely dev eloped and a
es七ablisbed in an e xte nded space,
in v olving sll nTSta r Spa C eS･
In this paper, w e sh al lm ake an at七em pt to clarifythe a mbigui坤in the
variatio n ofcon s七a ntsfo r m ula discllSS ed in[15, 28】by establishing a repr e-
se rtationfo r mulain the pha se spa ce a nd七hedecom positio n ofthefor m ula
to the stable s ubspac e orthe u n stable s ubspac e･ On eofthe c ru cialpoints
in o u r appr oach to theform ula･is n ot to tr e atthe adjoht equ atio n, but to
appr oxim a･七e s olutio n sin ter m s ofs o m e
I】
nice乃 ele men七s of七he phase spac e
by u sing the prin ciple ofsuperpositio nfor(1)･ T herefore, ou r appro ach
dev elopedin this paperis quite sim plertha nthe o n ein[2, 3, 5, 14, 1 6]･
As an ap plic atio n ofo u rfor m ula, w e sh all investigatethe admissibility of
s o m e spa ce soffun ctio n s whos e spe ctra are contain edin a clos ed s ubs e七 of
R . T he main co nditio n sfo u nd are stated in ter m s ofthe spectr alproper-
tiesof 也e cⅠ1a ra C七eris七ic oper ator asso ciated wi地tbelin e arho m ogen eo u s
equ atio n. T hes e c o nditio ns ar e sharpertha nthos ein[4],[17]in the c as e
where A ge n era･tes a c o mpa ct semigro up a nd a is u nifor mlyfading m e m
-
ory. Further ap plic ation s ofthe form ula will be the s ubject ofo ur futur e
in v estigatio n.
2. P I‡A S E S P A C E β
In 七his s e ctio n w e shall de丘n e 也 e phase spaceβ whi 血is em ployed
thro ugho ut the paper ･
Le七 X be a co mplexBana ch spa c ewith n orm 卜l･ For anyinterval J⊂
a ‥- 卜 ∞ , ∞), w edenote by a(J;X)the spa ce占f al1c ontin u o u sfun ction s
m apping J into X . More ov er, w eden ote by B C(J;X)the s ubspa ce of
a(J;X)which c o nsits of al1 bo u nded fun ctio n s･ Cle arly, BC(J
'
,
X)is a
Ban a chspac e withthe n or m卜1B C(J;X)de丘n ed byL4lB C(j;x) - S up(14(i)I:
舌 ∈ J):If J- 氏, the n w e simply w ritethe n or ml･IBC(J;X)Ofthe Ba n ach
spac eBC(J;X)asl卜=･ For any fun ctio n x :(- ∞ , a) } X a nd七 < a, w e
de丘n e afun ction xt : a
-
‥- (- ∞ ,0]L＋ X by xt(s) - x(i＋ s)for a∈ 氏
-
I
Letβ - B(R
‾
;X)be a c o mplexlin e ar spa c e of fun ctio n s m ap pingR
-
into
&o
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x with a c o mplete s6 miふor mI･lβ. T he spa ceB is assu m ed 七｡ hav ethe
following properties.
･
(A l) T her e e xist a positiv eco n stant N andlocalybo u nded fu n ctio n s
K(･)a nd･ M(I)o nR十 :-【o, ∞)withthe pr operty七ha七ifa=:卜 ∞ , a) 巾 X
is co ntin u ollS O n[q, a)with 諾q ∈ B fo r s o m eo
･
< a
,
the nfo r alli ∈【q, a),
(i) x土 ∈ β;
(ii) xtis c on七in uo usin t(w ･r ･t･ 卜1B),
(iii) NIx(i)[ 引a;tlB ≦ K(ト q)supq ≦s≦fI滋(s)I＋ M(モ ー o･)l∬qlβ･
(A 2) If(¢k), ¢k ∈β, c o n v erges七o4, u niformly o n any c o mpa c七 se七in
R
‾
andif(¢
k
)is aCa u chy s equ e n c ein β, the n¢ ∈β and¢
k
→ ¢in a.
T he spa ceβ
■
is cal led a tlnifor mfading m e m o ry spa ce,ifit satis鮎s(A l)
and(A2)with K(･)≡ K(a c o ns七a nt)a nd M(β) 1 0 asβ 1 ∞in(A l)･
A 七ypicalex a甲ple of umi for mfading m e m ory spac es
-
isthefollo wing o血e:
c7 : - ち(∬) -(¢∈ a(R
‾
;X): b空監IQ(0)(ev
e
- o)-
wh主dlis
.
equip ped with n orml¢1c, - s upc≦o 桝0)l占7
0
,
wher e,yis apositiv占
co n s七a Ⅱt.
Itiskn o w n[7, Le m m a3.2]th
･
atif 8 is a mi for mfading m e m ory spa ce,
then BC ‥ - B C(R
‾
･
,
X)⊂ β and th?in clu sio n m ap fro m BCirI七o β is
c ontin u o u s. Fo r othe r pr operties of u nifor mfading m e m ory spaces, w e
re払rthe r eaderto the bo ok[10】･
′
3. V A R I A T I ON - O F- C O N S T A N T S F O R M U L A I N T H E
P H A S E S P A C E
In this se ctio
L
n w efirst ass u m etha ” he spac eB - a(a
-
I
,
X)s atisfies
(A l)･ Wやthe n co n siderthe(n o nhorhogene otlS･)1ine arfun ctio nal di 飽r e ntial
equ atio n
B(i) - Au(i)＋ L(ut)＋I(i), (2)
whereI ∈ BC(R;X), A isthe in fin 七esim algeher ator ofa strongly contin -
u o u s s emigro up(T(舌))t>_ o o n aB an a ch spa ce. X a･nd L is a;bounded lin e ar
oper ator m ap pingthe spa°e
-B - β(a
-
;X)irltO X ･ T hfOugh0 甘もthe paper
w e sh allass u m ethat the operato rL is ofthe for m:
L(¢) -/_
o
w
【dT7(0)】¢(0), ¢∈ Coo,
占l
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where ”(0)is aB(X)- v alu ed fun ction of local lybo u nded v ariatio n . nR -
which is leftcontin u o u sin 0 i o with”(0) - 0; her eCooden otes the
s ubspa c e ofa(R
～
;X)c on siting of fu n ctio n s with c o mpact suppo rt, a nd
B(X)is
.
the 甲a Ce Ofall bo unded lin e ar oper ators oh X ･ For any(q,¢)∈
R x a, ther e e xis七s a(miqu e)fu n c七io n u :R ト} X su ch 七hat uq - ¢, u is
c o ntin u otlS On[q, ∞)a ndthe follo wing relatio nholds:
u(i) - T(i - q)¢(0)＋/q
七
T(ト
.
s)(L(us)＋f(s))ds, 士≧ q,
(cf･[9, T heo re ml】)･ T hefun ctio n uis called(mild)soluii
l
o n of(2)thr o ugh
(a,¢)o n[q, ∞), a nd den oted by u(A, q,¢;I)･ Als o, a.fu n ctio n ”∈ a(R;X)
is cal led a(mild)solutio n of(2)ona,ifv七 ∈ βfor all舌 ∈ R and it sa七is丘es
u(i, q,vq;I) - ”(i)fo ral 1舌 and q with羊≧ q ･ Forany i≧0, w ede丘n e an
oper atorV(i)
,
o nB by
･v(i)4 - ut(0,4,･ 0), ¢ ∈
.
B ･
嘩 c a n easily s e ethat(V(i))士≧0l
i白 a stro ngly c o ntinu o u s s e mi苧r o uP Ofbo unded lin ear operators o nB, which is cal1ed 七he solutio n s e m39rO uP Of
(2)･ By the prin ciple ofstlPerPOSition, w ege七the relatio n
ut(q,Q
'
;I) - ut(q,4;0)＋ ut(q,0;I)
- V(ト q)¢＋ ut(q,0;I).
(,
'nc
:
,
(3)
In wha七follo w s
,
w e sh al 1giv e a represerltatio n ofut(q,0;I)in ter m sofI
andthe s ol 血on s emigro up(Ⅴ(i))t≧o･ to七his e nd, w eintr odTC e afu n ctio n
rn defin ed by
((C＋ 1)I, - 1/n _< e _< 0
rn(0) -
e < - 1/n,
wher e nis a･ny posi七iv einteger a nd I is the idemiity oper ator o nX . It
fo llow sfro m(A l)that if3=∈ X, then rn x ∈ a withlrna:fβ ≦ K(1)[3= _
Mo reo ver7 the β-valu ed fu n ctio nV(ト s)rnf(s)is c
'
o ntinu o nsin s∈ ト ∞ ,t]
whenev erI ∈
.
B C(早;X)I
T he follo&1ng theo re myields a repres entatio nfo r m ula fo rs .1uti. n s .f
(2)in th占pha se spa ce:
i2_
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TH EOR E M3･1･ The se9m e nt ut(q,¢;i)ofs olutio n ～
.(A, o･,¢,I)of(2)
s atisSe sikefollo wing relationin a:
ut(q,¢;I) - V(ト .q)¢＋ li血
n づ o o/:V(i - s)rnf(s)ds.
Forthe pr o of ofthe the ore叫 W e n eed so m ele m m as:
LE M M A3･1 ･ The re ea;ists a u niqu eB(X)-v alu edfu n ci o n”(i), ”(0) -
I, o n R＋ such tha七jTo r a ny
J
x ∈ x
,
”(i):- ”(ま)T is contin u ou sin 士≧0
a nd.
v(i)i(i)x ･L
t
T(i - s)(f
o
s
dq(0,”(s･0))ds･ (4'
Proof･ Co n siderthe fu n ctio ny de丘n ed by yo ≡ 0 and y(i)車v(iト ∬
fo ri≧0･ T henEq･(4)for v(i)is r edtl Ced七o
y(i,I ∬ - T(i,
･
x ＋L
七
T(i -,(L
o
s
dM)y(i･占,+/_
o
s
dM )去'ds
O r
y(t' -て
r(i'1- I'x -l
t
T … トs'xds 十L
七
T(i -,L(ys)ds･
T he abov eeqna;Lio nfory po ssesse s a llniqu e sol血io n. Indeed, this c a nbe
proved by Picard
'
siter a七io n m ethod
,
s othedetai ls are omitted. 育
For any x ∈ X, w e pu七
v(如) - ”(i)a (i≧0), v(i,x) - 0 (i <0).･
Clearly, the fu n ctio n
･v(ト s;h(s))is co ntin u o usin(i,s), 舌≧ s, when ev er
h ∈ B C(氏;X)･
LE M M A3･2･ Leまh ∈ BC(氏;X)･ The n/q
七
”(i - s;h(s))ds ≡ ”(i,q,0;h)･
Pro of･ T he abov e r elatio n c a nbe
.
e stablished by alm os七七he sam? cal-
c ulation as in the pro ofof【28, T heore m 4･21]･ Indeed, ifwe set I(i) -
t写
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Ju
t
”(ト ム;h(s))ds, then
/q
i
T(土 - s)(L(Es)十h(s))ds -
-/q
t
T(i - s)h(s)dsI/q
t
T(i -,(/:～ dM ,z'sI0')ds
-/q
t
T(ト s)h(s)ds
･/q
t
T(i - β)(/:_ sdM/q
s'O
v's ･o - x;hex)'dx'ds
-∫.T(舌 - s)h(s)ds
･/q
t
T(i - s)(/q
s
/:～ s
-/q
士
T(i - s)h
'
(s)ds
I/:(/x
モ
T(i -,/:_ s
-/q
t
T(舌 - s)h(s)ds
dn(C)”(s ＋ 0 - x ;h(x))dx)ds
dり(0)”(s ＋0 - xJh(x))ds)dx
-
･/q
t
(r
x
T(- x - w)/_
O
w
d7( 榊 ･?;h(x))a-)dx
-∫T(舌 - s)h(s)ds
I/q
t
-∫
(v(i.- x ;h(x))- T(ト *)h(x))dx
”(i - 冗;h(x))dx･
- I(i)
for t
●
> 6. Also
,
if舌≦ q, then I(i) - 0 - u(i,cr,0;h). T his co mpletesthe
pro of･ I
LB M M A3.3･ u(i, 0,rn x;0) 1 †)(i;x) as n + ∞, u niformlyfo r e ach
bo u nded(i, a)∈ R十 × x ･ ･
&牛
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Proof･ Le七 u n(i) - u(i,0,rn T,0)fo r七≧0. T hen
Iu n(i) - ”(i;∬)I- IL
t
T(舌 - s)L(u:)ds
-L
t
T(i - β)(f
o
e
dM ,”(sI0,)dsI
ニ ーf
t
T(i - β)(/:m d"0)un(s ･0)
-j_
o
s
dり(0)”(sL＋C))dsl
- !L
t
T(i - β)(/=1/n - (s･0)
･/
o
s
≦ CtL
七
drl(0)(u
n
(s ＋0) - ”(s ＋0))dsI
(Va r(rl;トs,0])f
n
(s, a)＋ E(n,S)[xJ)ds,
wher e
f
n
(i, x) - s uplu
n
(T) - ”(T;a)I,
0 <丁 < 七
dt - s upllT(T)l,
0 <r <七
. E(n, S) - Va r(叩;トs - 1/n, - s])
and Va r(” J)den otesthe七o七alv aria七io n of7 0 n ainterval J. flen ce
チ
-(tp,≦c” a r.( - )L
t
fn干s,x,ds . 叫
毛
E(n, S,ds,
a nd c on sequ e ntly
f
n(i, x)≦etl∬lL
t
e(n, s)ds
by Gr on wal 1
'
sin equality, where Ctis a c on sta nt depe nding o nly o n舌. We
claim 七ba七
Iim Va r(r7;トs - 6, - s])-
'
0
6) ＋O
for s> q･ Ifthe claim holdstr ue, the m e(n,S) ) 0 for s> 0 as n )cx,A
T he nLebesgu e
'
s c o n v e rg n ce七heo re myields thatf
n
(i, x) 1 0 as n 1 ∞,
is
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uTihr mlyfo r e a ch bounded(i, a)I No w,in whatfollo w swe shall
.
establish
也 e abov e claim . Ass u m ethe claim is n ot 七r u e. Thenfb∫ s o m e β> 0
ther eis a c?nsta nt c > s u chthat Va r(T7;卜s - 6, - s])> cfob all 6> 0. In
particular, sin ceVa r(Tl;トs - 1, - s])> c, ther eis apa rtitio n舌o - - s - 1 <
il < - < まN - 1 < tN -
- S S u Ch tha七 ∑k
N
= 1Jln(ikト り(tk _ 1州 > c_ Sin c eq
isleft co ntin u ous at - s, w e m ay ass u m etha七 肋(iN _ 1) - r7(- S)
七aking舌Ⅳ _ 1 Clos eto - βifn ecess ary. T he n
Ⅳ - 1
v a r(り;[- S - 1, al】)≧ ∑‖鵬)
I
-
7(ik⊥1)”2= c/2,
k= 1
< c/2by
wher e al
.
- 舌N - 1 ･ Noticethat Var(り;【al, - S])> c by the ass u mption ,
Em ploying七he s am e r ea so ning as abo ve, o n e c an s e ethat Va r(”;[al
.
,
a2】)≧
c/2 fo r s o m e a2 ∈(al, - S)I Repeat 七his pr o cedureto ge七 a s equ e nce .(ak)
s u ch 七ha七 ao :ニ ー s - 1 < al < a2 < - < - S a nd-Va r(Tl;【ak, ak＋1])≧c/2
for A - 0
,
1
,
2
,.
1 ･ ･
. T hen
va r(り;トs - 1; - s])≧ V b巾;【a.ia m])
m - 1
- ∑ Wa r(m[ak,ak.i])
た= =0
≧ c m/2 う ∞
a s m う -I T his･s a co ntradictio nto-γa r(Tl;トs - 1, - s])< ∞ . T hu s,the
claim is pr o v ed･ T his co mplete sthe pr o of
l
ofthele m m a. 育
Final ly wesh allpro v去thefollo wingle m m afro m whicha nd(3)T he .rem
3･1 follo w s.im m edia.tely.
LE M M A3A _ 1im
n ･ 十 Cく)/:
Pro of. T he integralL
V(i - s)r
n
f(s)ds - ut(q,0;I)in B･
/q
i
V(i - s)r?I(s)ds is 七he li mit of a R ie m an n
s u m of the fo rm¢
△
‥ - ∑k V(i - sk)rnf(sk)△sk in β･ ?bs erv ethat
4･△(0) - ∑たu(i - Sk＋0,0,rnf(sh);0)Askis aR ie m an n s u m oftheintegral
/q
t
u(i - s ＋ 0,0,rnf(s);0)ds - :E
n
(0)
a･nd it c o n v ergesto theintegraltmi for mly o n a ny c o mpa ct setin a Sin ce
En(0)is c o ntin u ousin 0≦0 withEn(0) - 0 for 0≦ o･ - i - 1/n,i七follo w s
tc
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fro m(A l
l
)-(i)七ha七E
n
∈ β･ M or eo v er, w eget
ほ
n
- ¢
△
‡B ≦ Kl ･ S uP le
n
(β卜 ¢
△
(0)I
q - i - 1/n ≦0≦O
by(A l)-(ii), where Kl - K(ト q ＋1). T lms¢△ co n v ergestofn in β, and
he n ce
(/:V(i - s)rnf(a)ds - enlβ - 0･
Using(A l)-(iii)again, we get
tut(q,0;I) -/q
七
V(モ ー s)r
n
f(s)ds(β -
-lu七(q,0;i) - e
n
lβ
≦ Kl ･ S uP Ju(t＋e,i,o;J卜 E
n
(0)ト
q - 七 - 1/n ≦Q≦0
0n the dtherh and, Le m m a3.3 imbliesthat
n
li-J(0) -/q
t
v(- 占.G;I(s))d去
-/q
叶 β
”(i - s ＋ 0;I(s))ds
- u(ま＋0,q,0;i)
u nifor mlyfor♂ ∈【q - i - 1/n,0]･ Henc e, thelem m ais prov ed･ F
4. D E C O M P O■SI TIO N O F V A f u.A T I O N- O F- C O N S T A N T S
F O R M U L A
Le七 u s co n siderthe c ase wher ethe spaceβ is de com posed a sthe dire ct
su m oftw o clos ed subspa c esEl a nd
. E2, Which ar einvaria nt u nder the
s olu七io nヲe migro up(V(i).)t≧o
:
β - El ⑳ E2, V(七)Ei ⊂ Ei (i - 1,2; t≧
ゝ
0)･
Den ote by rI
Ei the pr ojectio n onEi Which c orresponds to the a･bove de -
c . mpo sitio n. Itfollo w sfrom thein v aria n c e otEi u nderV(i)that
rI
EiV(七) - V(i)rI
Ei (i - 1,2).
6Fl
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Sin c ethepr ojectio nⅡEiis c o ntin u ous o nβ
,
w eget 七hefollowlngde co mpo -
sitio n ofthe val･iatio n- of-c o n sta ntsfor m ula;here a nd hereaftel･ W ede n ote
by V
Bi(i)the r estrictio n ofth占oper ato rv(i)to Ei, a nd¢Bi - rIEi¢fo r
¢ ∈β:
TE E O R E M4 ･1･ As s u m ethai β is deco mpos ed as cited abo ve. The nthe
s egm e nt ut(q,¢;I)ofsolutio nu(･･ q,¢,I)of(a)satisJ;e sthefollo wing re-
latio nin B:
rIEiut(q,¢;I) - VEi(i - cr)Q
Ei ＋ 1im
n l o o/q
t
VBi(iI -)rI
Ei(rnf(s))ds
fo ri苧1,2.
LetEi ‥ R ト＋ Ei(i - 1;2)befu nctio n s which satisfythe r ela七i. n
Ei
.
(t' - VEi(i -
.
q)ii(q,I
n
li-Jq
*
vEiとt -,H
I
Ei(tnf(s”dsI
T hen the B- v alu ed func七io nfde血 ed asi(i) - El(i)＋E2(i), 舌 ∈ R, s atisaes
七be r elatio n
E(i)- V(舌 - q)E(q)＋ 1im
n ヰ (x )
He n ceT heore m 3･1 yields･that
/q
t
V(i - s)rnf(s)ds, (Vt≧ q).
E(i) - ut(q,i(q);I), (Vi≧ q).
No w
･
in the re mainder ofthe paper w ealw ays ass u m ethat B s atisfies
Axio m(A2)in a■d di七 pn 七o(A l)･
●
Tbe n
,
by em ploying 七he s am e argu m ent
as in七he pro ofofflo, T heo rem 4･2･9], w e ob七ain 七he follo wing r es ult:
TB E O R E M4･21 Ass血 e thata is decムmpobed a s abo v e･ IfiheJu n ctio ns
fi: R トナ Ei(i - 1･, 2)s atisfy,the relatio n
Ei(i)- V
Ei(i - q)i(o･)＋ 1im
れ 1 o o/q
t
VEi(i ”)IIEi(r
n
f(s))ds,
the nikefu n ctio n u(i)dePned by u(i) - 〔EI(i)
.
＋f2(i)i(0)fo r舌 ∈ A is a
s olutio n of(2)o n氏, a n声s aisBes ut - i(i)in β.
6ダ
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Nex七
,
w e c o n sider七be c ase wber e地 e spac eβis de co mposed asthedir ect
su m ofclo seds ubspac esS a nd U, wher e
.
Sis the stable s ubspa cefo rV(i);
tba七is
β - S⑳ U, V(i)S ⊂ S, V(i)U ⊂ U (∀舌≧0)
a nd
∃c > o
,
α > o: llV
S
(i)”_< Ce
- cd
(∀舌≧0).
In what 払11ows, we shal es七ablish 七he e xis七en c色 and u niqu e n ess of a β-
valu edfu nc七iムny s a七is&ingthe equ atio n ass o ciated withthe S- c o mpo n e nt
ofthe va･ria七io n- of- co ns七an七s for mulain 七he phas e spa c e. To this e nd, w e
s et
y(i) -
n
li-J
i
m
vs(i - a,HS(rnf(s”ds･
PR OP O SITION 4･1 ･ The abo v e-dejin edy(i)is w ell- deSn ed aよ a β- v alu ed
ju n ctio n which β-bo u nded o n.a and s aiisJ:es仇e equ atio n
y't' - v
s
'tT 巾(qヲ
＋
n
li-ju
t
v
s
(- s'ns'r
n
f's)'ds (V*.≧ 叶 (ヲ'
Mo reo v e r
,
ify
-
: R トヰ S is β-bou nded on a andsatisSes(5), the n 紳)≡
y(i)for all七 ∈ IL
Proof. We 丘rs七 obs e rv etha七thelimit
. qBeJq
七
vs(i -,q
s(rnf's”ds - :エvs(i -'ns'rif's”ds
existsin β. Inde ed
,
ifql < q2 < ちthe n
I/q
t
l
VS(i⊥ s,HS(rnf(s,,dsJu
t
,
vs(七 -,HS(rnf(s),is･8
J/q:
2
･/q;
2
vs(モ ー β)TIS(rnf(s))dsIB
ce - α(ト s)ds‖rlsuKol[f”
≦ (c K./α)e
-
a(i - q2)”IISIILfl l 0
as q2 1
- ∞
,
whereKo - K(1)･ ･ T lms, thelimit existsin B･
b7
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No w, for a ny positiv eintege1
･S n a nd m
,
w ehav e
I/_
t
m
vs(i -)H
S
(r
n
J(suds -Fw vs(舌 - s)nS(r-I(s) -
･fエvs(i -)HS(rnf(s”ds[B IIL
q
w
v
s
(i - s)H
S
(r
-
I(s))dsTβ
･./q
t
vs(i -)HS(rnf(s”ds -/q
t
vs(i -)HS(r-I(s),dsIB
≦(2 C K./α)e
a(q -i)1JII
S
l川fL[
･･/q
t
vs(ト s)TIS(rnf(s))ds -/q
t
Thereforei七follo w sfr o mLe m m a3.4七ha七
1im.甲Pl
nl m づ o Oエ
vs(ト s).ⅢS(rmf(去))dsIB.
vs(ト β)TIS(rnf.(s))ds -
L
t
w
vs(卜 s)ⅡS(rmf(s))dsIβ
_
<(2 C K./α)eα(q
- t)IJI7S‡川fnl 0
a s a
-
1 - ∞
,
a nd he n ce the limitlim n . ∞ Ii∞ vs(i - )ITS(rnf(s))ds
existsin β. If七≧ o･, then
v
s
(i - q'･y'q'･
n
li-ju
t
vs(i - s,HS'r
n;'s”ds
-
･
n
li-” V
S(i - q)エvs(? - s)HS(rnf(s”ds
＋ 1im
n - ★o o∫vs(i - s)Ⅱs(Fnf(s))ds
- 蕊(/_
q
w
VS(i - s,HS(r
n
f(s))ds I/q
t
vs(iI- s)が(r
n
f(s),ds)
= 1im
n う (> 〇
- y(i)･
/_
t
n
vs(モ ー s)Ⅱ
S
(r
n
f(s))ds
T hu sy(舌)satisfies(5)･ M o re ove r, yis a-bo u nded be ca u se of
lytIβ ≦ s upl
n /_
t
n
vs(i - β)TI
S
(r
n
f
'
(s))ds[B
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If
.
y
～
is a n othera-bo u nded fun ctio ns atisfying(5), the n”(i)- 紳) - VS(ま -
q)(y(q) - y
-
(oi))foral1 ま≧ a. Henc e
fb(th y
-
(i)Jβ ≦ Ce
～
a(t ‾ q)(suply(T)IB ＋ s upJylT)JB)1 0
r r
a B q ぅー ∞
,
a nd hen cey(i)≡ 紳)in β･ T his c o mpletesthe pro of. E
Next we shal co n sider七he c as ewhere七he u n stable s ubspa ceis fini七e
dim en sio nal･ Let u s ass u m e七ha･七the spac ea is deco mpos ed as
β - S ⑬ U,･ V(i)S ⊂ S, V(i)U ⊂ U,
where S is the stable'Sd
l
bspa cefor V(i)a nd U is Bnite dim e甲io nal. Let
ヴIt dimlU･.T
a桓 a baa
,
is†Ql, ･ ･ ･ ,4d)in U7 and s6tr申 - (41, - , 叫
T henth如 exist 如1e m ents4,1, -
･
･
, 軸 in B
*
(tlhe duals甲ce of8)s uch
th叫 (4,i,43･) - 1 if i〒 j,.O if i≠ 3
'
,
a nd that.ゆi - O o n S. 地 re
andbe
'
reifter
,(,)den o七e白七herc a n o nicalpairingb 6tw e
.
enthe dualsp
l
a c?
二
a nd the originalspa c e･ Den ote by.
甘fheヤan spos eof･(4l, - ,中d)to 野e
the exp上ession(q, ◎) -
'
fd
.(here Za is the a x a umi七 m atri*)～ T he nth?
proje ction operator.rIU is giv e nby
･ rIU¢ - ◎(ql,i), ¢∈ B.
Sin c e(VU(i))t≧o is a str opgly c ontin u otlS Semigro up o nthe fini七e dim e nー
sionalsi)a ceU,itis n orm c ontin u o u s, otheree xists adx a m atrix a su ch
tba七
VU(i)◎ - @eG t r(vi≧0).
F`oTa ny positiv eir[七eger n a nd i∈(1, ･ ･ . , a), w e considerthe fun c七io n al
x芸i O nX de丘n ed by
戒i(x) -(*i, r
也
x), x ∈ x.
T hen'x毘iis bo u nded lin ear o n X withl槻i”≦ K(1)l他f]. No wle七 u s
de丘n ethe ふc oluhn v ectQr Xニin the dualspa ce X * of Xasthe七r an spo se of
(銘1, - ;X;a)･ T hen(xニ,a:) - (申, rn x)a n
'
ds upnl[x訓 < K(1)s up州 iJ[<
rH
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∞ . Next, let I(舌)be the c o mpo n e n七 of ⅢUut(q,¢;I)with r espe c七 to the
basis v e ctor*;thatis,
ITUut(q,¢;I) - 9z(i)I
T hen z(i) - (申,ut(cr,4･;I) a nd the equ atio n
Ⅲuut(cr,¢;I) - VU(ト cr)rIU4･ ＋ tim
n l o o/q
七
vu(ト 岬 U(rnf(s))ds(i≧ o･)
ca nbe re written as
z(i) - eG(i
- q'z(q)
'
･
n
li-Jq
t
e
G't - s'(x:,i(s))ds (i ,- q)･ (6)
Infa ct
,
thefollo wingr es ult willshow thatthe equ atio n ass o ciated withthe
tln Stable s ubspa ceU in the variation - of-c o n stantsfor mulais redu c ed to a n
ordin ary differe ntialequ ation .
PR O P O SITエ甲
■
4･2･ Leta ± dim U･ Thenthe re e m
'
st a a x a Tn atris a
a nd a a- Colu m n ve?to r x
' in X * s u ch iha羊a U二v alu edfu n ctio ni(i)is a
s olutio n ofth.e equ atio n
E(i) - V
U
(i - q)i(a)＋ lim
n l o o/q
t
vu(i - s)1rIU(rnf(s))ds (七≧ q)
ifand o nlyifthefu n ction a(i)determ in ed by ◎z(i) - i(i)is a s olu軸 n of
thefollo wing O rdin a ry diEere ntialequ ation
i(i) - Gz(i)＋(x
*
,I(i))I
Pro of. We first n ote tha･t
◎ ･ 1im
n 一 斗 く×:I/q
t
(7)
e
G(tT
s)(xニ,I(s))ds - Ⅱ
U
xt(J,0,I) (8)
for a ny X - v alu ed bo unded c o ntin u otlSfu n ctionf･ No w, we a s sert that the
s equ en ce(3;芸)of a-c olu m n v ectorsin X
'
c o n v ergesto aa- c olu m nve ctor
x
' in X * with respe ct 七o the w eak-startopology;tha七is,
n
liimn(諾芸7 T)
- (x
*
,
X), ∀x ∈ X .
勺ユ
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If七his is the c ase
)
ap plying Lebesgu e
)
s c o n verge n c e七heorem w e se ethat
(6)ca nb
'
与 r eW ri七七e na s
I(i) - e
G(ト q)I(q)＋/:eG(t ‾ 8)(x*,I(s)ds (七≧ o･),
a nd the c o n clu sio nfbllo w sfr o mthe argum entin the par agr aph pr e ceding
the pr opositio n･ No w,let Y be any separ able closed s ubspa c e of X. Since
the sequ en ce(x芸)i8 bo u nded,(x完)contain s a s ubsequ en c e which co n-
v e rges with r espect tothe w e ak-sta r七opologyin Y;s ay,1ipkづ ∞(x完k, 諾) -
(埠 , x), x ∈ Y,for Born e c ohlm nV ector xiin Y* . We claim that
n
limJxニ, 盟) -(埠, ∬), ∬ ∈ Y･ (9)
Indeed
,
ifthisis
.
n ot the c ase
,
ther e exista subs equ e n c e(孟誌k)a nd a colu m n
v ec七or 孟を, 埠 ≠虎;,in Y
*
s u ch thatlim k→ ∞(盃完h,X) - (埠 ,a;),
■
x ∈ YI
For a ny x ∈ Y, s e七f(･) … x･ The n, by(8)w eget
･fq
七
e
G(-i,'x;,x'ds = 申L:eG(i - s,(盃去,α;4s･
He n c e
,(埠, x) - (盃を,a:)for all∬ ∈ Y, which is a co ntr adictio nto 埠 ≠云㌻･
T hu s
,
the claim m u stbetm e.
It fo llo w sfr o m(9)that(訂;,芯) - (鴫,a:)(∬ ∈ Y nZ)for a ny s epar able
clos eds ubspa cesY and Zof X. No wfbr･ any x ∈ X , w es et
(㌔;x)- (埠,諾),
whereY is a ny sepa r able clo sedstlbspac e of Xwhich co ntain s x. T he nx
*
is well-defin ed on X . M or eo ver, w e c a n s e etha七 諾
* is bo u nded lin e ar o nX
withR叫L< s upnl 依IJ< ∞ a nd lim 恥 ヰ ∞(x芸,3;) - (3=*,X)foral la ∈ X, a s
r equir ed. This c o mpletesthe pro of. 耳
Co mbining. Propo sitio n s4･1 a nd 4･2 with T heorem 4.2, w eget the fo l-
1o w lngr es ult:
TI壬瓦O R E M4 .3. Assu m etha士ihe spa ceβis decomposed as
β - S ⑳ U, V(i)S⊂ .S, V(七)U とU,
whe reS is the stablers ubspa ceforV(i) and U is
'
j;nife dim e n sio n al･ Let
a
,
◎
,
甘 a nd3:* be dePn ed asforPropositio n4･2･ The n, if E(i)is a solutio n
り芸
1･8 H IN O
,
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,
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of(2)o n界, I(i)‥- (甘,Et)is-a solutio n ofthe ordin arydiHe re niialequ atio n
(7)o nR I Con v e r sely, ifz(i)is a s olutio nof(7)o n A, the nthefu n ctio n
u(i):主r鮎(i)＋ iim
n う o o
is asolutio n of(a)o nR･.
エVS(ト T)rIS(r?I(T))dT](0)
5･ A P P LICA TI O N S T O T H ES T U D Y O F T H E
A D M IS SI B IL I T Y O F F U NC T I O N S P A C E S
In this se ctio n
)
a s an applicatio n ofthe res ults obtain ed abo v e w e shal l
studythe ad missibility of function spa ces with r espect tolin e arfu n ctio nal
diHere n七ialequ atio n s ofthe for m
il(i)七 Au(i)＋L.(
ut), (10)
whereA-is the infini七esim alg9neratO r Of a str ongly co ntinu o u s cqm pa ct
se migro up o nX, L is abo 血 ded linear Qpefator m applng a mi fo r mfading
m e mory sp千ceB - B(R
-
;X)｢into X ･
A-clo sed stbspa ce Jut of B C(瓦;x)is sai dto be a
'
dmissible with respect
七o Eq･(10),if fir a nyi∈ ” , 恥 .(2)pbssess es.a uniqu e s ohltio n which bや-
1ongs to･Ju ･ W e referth 占r eaderto
■
【4, 8, ll, 12, 14, 17,I8, 19, 22, 23, 27】
and the refere n c e sther ein for m or einfor m atibn ofthe 七heory of admissi-
bility of fun ctio n spa c es with r espect七o lin e ar equ atio n sin the botlnded
a･s w ellas the tlnbo unded c as e･ In whatfollo w s
?
w e sh al l in v estigate the
admis sibility with respect t9(10)fo r atr ansl坤 o n-in v a ria ntspa cebo unded
u niformly co ntin u ollSfu nctiohs whose spectra. a r e.contain ed in a clos edstlb_
s e七 of R･ In 七his dire ctio n our study hereis clos ely .rela七ed 七o the re c e nt
w o rks[4, 1 7, 18, 19, 畠2, 23】. The main idea of o u r study is t. u s ethe
deco mpositio n ofv ariatio n- of- c o n sta ntsfor m ula七o redu cethe admissibility
proble m with respe ct to Eq･(10)tothe one with respe c
.
t 七o ?nt o rdin ary dif-
fere n七ialequ atio n･ As a r es ult, w eget a n e cess ary nd su氏cient c o nditio n
for the ad missibility which .s e e ms to bethe sharpest po ssibleforthe class
of fu n ctional difFer entialequ atio ns ofthefor m(10).
Firs七
,
w e r e c allthe n otio n ofspe c七rum ofagiv e nfu n ctio nI ∈BC(R;X)
wbicb is de丘n ed as七be set
sp(I):- (入 ∈ R :∀E > 0 ヨx ∈ L
l
(a), s uw 文 ⊂(A - E,入 ＋ E), X *f ≠0),
1 年
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wher eLl(A)is the spa c e ofallcornplex-valu edin七egr able fu n ctio ns ona,
a nd
･x *f)(i,:-/:x(i -,I(s)ds ;文(s,:-FJ i7tx'i'dt･
W e c olle c七 so m色 m ain pr operties ofthe spe ctr um.of a fu n ctionfo r七he
r eader's c o n v e ni c e･ Forthe pro ofw e refbr the l
･
e ader七o[13, 23, 26].
PROP O SIT ION 5.1 . れefollo wing Statem e ntsholdtru e:
i)
ii)
叫
叫
”)
vi)
sp(e
i入.) - (A)fo r入 ∈ a ,
sp(ei入
.
.I) - sp(i)＋入Jo r入 ∈ a,
sp(αJ＋P9)⊂ sp(I)U sp(9)fo r α, β ∈ C,
sp(I)is clo sed. Moreover, sp(i)is n oま e mpty
l
if f ≠0,
sp(I(･ ＋ T))- SP(I)Jor T∈ a,
1f f, 9k ∈ BC(a;X)with sp(9k)⊂ Afo r alln ∈ N , andij
lim Tbk - fll- 0,k1 ∞
the n sp(I)⊂ 瓦, ､
vii) sp(x *f)⊂ sp(I)n s upp文for allx ∈ Ll(a).
For any closed S et A
.,
w e s et
A(X) -(I∈ B C(a;X): sp(I)⊂ A).I
In virtu e of Propositio nら一l, w e c a ns e that A(X)is atra n slatio n-in v ariadlt
clo s ed
-
s ubspa ce of BC(蕊;X)･ In what I?llo w s,L
W e Willgiv e a conditio n
u nder whichthe sdb
.
spac eA(X)o rA(X)〔AP(X)is admissible wi七h respect
to Eq･ (1日), whereAP(X)de n otesthespa ceofa!lダー Ⅷ1u ed alm ostperiodic
functionsin the s en s e of Bohr.
For any 入 ∈ R, w edefin e afu n ctio nLJ(A): a
-
巾‾C by
【u(A)】(0) - e
i入0
,
o ∈ R
-
.
Be c a u s eβis a mi for m
l
fading m e m o ry spa c e,i七follo w s七hatw
'
(A)x ∈ βfo r
any 訂 ∈ X ･ W eden ote byItheidentity oper ato r onX , a nd de丘n e alin ea r
oper atorL(”(A)I)o nX by
L(u(A)I)a;- L(”(A)a), a:∈ X .
r7F
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We c a nseethat
.
the oper ator L(”(A)I)isbo u nded.
No w
7
1e七 Q be the infini七esim algen era七or of the s ohtion s emigr oup
(V(i))t20, and co n sider the s et 写u - (入 ∈ ?(g) : Re 人 主 o). T he n
∑u is a丘nite set7 a nd e a ch pointin =u do es n ot belo ng 七o the ess ential
spectru m ofQ(cf･ [20, T he ore m11])･ Corr epo ndingto the set Eu, w eget
the de co mpo sitio n
B - S O U,
wher
'
e s isthe stable s ubspac eforV(i), and the u nstable s ubspa c eU for
V(i)is 鮎i七e dim en sio nal･ T herefore, o ne c a n apply resul七s giv enin the
pr eceding s ec七ion･ In fact? the β-valu ed fu n ctio nyi血 odu c ed in Sectio n4
s atis丘es也 e r elatio n
(x * y)(i) - 1im
n -十 ∞
= 1im
n
- } o o
Fn x(i -)(L
∞
vs(T)I?(r
n
f(i- T))dT)ds
L
∞
VS(T)TIS((rn[x *f](i r
◆
T))dT
for a ny” ∈ Ll(A)･ T herefor e, w ec a n s e ethatthefunttio n” de丘n ed by
･
n(i) -[y(舌)](0)gatisfie8･the r elati9n SP(り)⊂ sb(i). In .partic ular, fro mthis
fact and T heor e m4･3 w es e ethat the admissibility of A(X)a nd A(X)n
A P(X)with respe ct 七o(10)fo llo w sfro mthe ad missibilty ofthe o rdipary
di.aere ntialequ atio n乏 - Gz(i), wh9rethe spectr u m of七he m やix a isidentical七o the se七 Eu ･ Mo re ovef, by virtu e of[20, T he or e m12】, w e s ee
that i入 belo ngs 七o the set ∑u if細 d o nly ifthe cha ra cteristic oper ator
i入ト L(”(A)I) - A has a n ontrivi aln ullspa ce二In fa ct, for any sip the
r es olv e nt of A w ehav ethe relation[i入 ト L(”(A)I) - A】(s ト A)
- 1
;
Z ＋ Kwith K -[(i入- s)( - L(”(A)I)】(sZ - J4)
- 1
c o mpa ct,
■
a nd hen ceth6
in v ertibility of i人Z- L(”(A)I) - A in B(X)follo w sfr o mthe ipje ctive n
.
e s 告
of i入Z- L(”(A)I) - A･ Stlm m ari migthese血c七s, w e･a riv e atthefollo w lng
r es ult.
TE E O R E M51 1 Sup po seA ge n e rates atムmpact
,
s e mi9rO uP O n X and
B - β(R
‾
;X)is a u nifo r mfadin9 m e m o ry spa ce, and leiA be a clo seds et
in R ･ The nthefollo wing State m ents are equiv ale nt.I
i)The spa ceA(X)is adm issible with respeci ね(1 0).
ii)The spac eA(X)n A P(X)is admissible with respe c= o(1 0).
ii)[iス ト L(u(A)() - A]
‾ 1
∈ B(X)far a ny人 ∈ A.
7占
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Unde r o n e ofthe co nditio n s(i)･1iii), the re exists afu n ctio nF ∈ Ll(R
t
:
B(X))su ch.
that
f(A) - (il) - L(”(A)I卜 A)
- 1
(入 ∈､A).
M o reo v er
･
F *Iis a u niqu e s olution of(2)in A(X)･fo ra nyI ∈ A(X).
Pro of･ . Usingthe aboやedeco mposition w e c a n us e七he results a nd m etil_
odsin[17, T heor e m3･1 1a nd Co rollary3.5]or[18, T he ore m3.lla ndCo rol_
1aries2 and 3]七o 払dth?co mpo n en七 ofs olutio n o n七he u n stable subspa c eby
s olving a n o rdin arydiWer en七ialequ atio nofthe for m(7)I T he other co mp?
-
n entis u niquelydeter min edsin c e o nthestable s ubspac ethe s olutio n 8 e m l-
gr o upis expo n ential ly stable. 負
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